HEIGHTS OF VARIETIES IN MULTIPROJECTIVE SPACES 
AND ARITHMETIC NULLSTELLENSATZE 



CARLOS D'ANDREA, TERESA KRICK, AND MARTIN SOMBRA 



(N 



Abstract. We present bounds for the degree and the height of the polynomials 
arising in some problems in effective algebraic geometry including the implicitization 
of rational maps and the effective NuUstellensatz over a variety. Our treatment is 
based on arithmetic intersection theory in products of projective spaces and extends 
^— ■>) . to the arithmetic setting constructions and results due to Jelonek. A key role is 

' played by the notion of canonical mixed height of a multiprojective. We study 

this notion from the point of view of resultant theory and establish some of its 
O ' basic properties, including its behavior with respect to intersections, projections 

' and products. We obtain analogous results for the function field case, including a 

_ , parametric NuUstellensatz. 
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Introduction 
In 1983, Serge Lang wrote in the preface to his book |Lan83j : 

It is legitimate, and to many people an interesting point of view, to 
ask that the theorems of algebraic geometry from the Hilbert Nullstel- 
lensatz to the more advanced results should carry with them estimates 
on the coefficients occurring in these theorems. Although some of the 
estimates are routine, serious and interesting problems arise in this 
context. 

Indeed, the main purpose of the present text is to give bounds for the degree and the 
size of the coefficients of the polynomials in the Nullstellensatz. 

Let fi, . . . , fs € . . . , Xn] be polynomials without common zeros in the affine space 
A"'(Q). The Nullstellensatz says then that there exist a G Z \ {0} and gi,. . . ,gs G 
Z[xi, . . . , Xn] satisfying a Bezout identity 

a = gifi H ^gsfs- 

As for many central results in commutative algebra and in algebraic geometry, it is a 
non-effective statement. By the end of the 1980s, the estimation of the degree and the 
height of polynomials satisfying such an identity became a widely considered question 
in connection with problems in computer algebra and Diophantine approximation. 
The results in this direction are generically known as arithmetic Nullstellensdtze and 
they play an important role in number theory and in theoretical computer science. 
In particular, they apply to problems in complexity and computability [Koi96' 'Asc04J 
IDKSlOj . to counting problems over finite fields or over the rationals [BBK09. RcmlOj, 
and to effectivity in existence results in arithmetic geometry |KT081 IBSlOj . 
The first non-trivial result on this problem was obtained by Philippon, who got a 
bound on the minimal size of the denominator a in a Bezout identity as above |Phi90j . 
Berenstein and Yger achieved the next big progress, producing height estimates for the 
polynomials gi 's with techniques from complex analysis (integral formulae for residues 
of currents) |BY91j . Later on, Krick, Pardo and Sombra jKPSOlj exhibited sharp 
bounds by combining arithmetic intersection theory with the algebraic approach in 
|KP96j based on duality theory for Gorenstein algebras. Recall that the height of 
a polynomial / G . . . denoted by h(/), is defined as the logarithm of the 

maximum of the absolute value of its coefficients. Then, Theorem 1 in jKPSOlj reads 
as follows: if d = maxj deg(/j) and h = maxjh(/j), there is a Bezout identity as above 
satisfying 

deg(5j) <And'^, \i{a),\i{gi) < 4n (n + 1) (/i + log s + (n + 7) log(n + l)d). 

We refer the reader to the surveys jTei90j IBroOlj for further information on the history 
of the effective Nullstellensatz, main results and open questions. 

One of the main results of this text is the arithmetic Nullstellensatz over a variety 
below, which is a particular case of Theorem 14.281 For an affine equidimensional 
variety V C A"'(Q), we denote by degiV) and by h(y) the degree and the canonical 
height of the closure of V with respect to the standard inclusion A" ^ P" . The degree 
and the height of a variety are measures of its geometric and arithmetic complexity, 
see ^2.31 and the references therein for details. We say that a polynomial relation holds 
on a variety if it holds for every point in it. 
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Theorem 0.1. Let V C A"(Q) be a variety defined over Q of pure dimension r and 
fiT ■ ■ , fs ^ '^[xi, ■ ■ ■ , Xn] \ 'L a family of s < r + 1 polynomials without common zeros 
in V . Set dj = deg(/j) and hj = h(/j) for 1 < j < s. Then there exist q G Z \ {0} 
and gi, . . . ,gs G Z[xi, . . . such that 

a = gifi H h gsfs on V 

with 

s 

i=i 

s ^ u 

. h(a), h(5.) + Hh) < ( n ^^■) (^(^) + deg(^) ( E f + + 8) + 3)) ) • 
For V = A", this result gives the bounds 

s s s 

deg < n ' h(a),h(ffi) + h(/i) < ^(j](i,)/i, + (4n + 8)log(n + 3) J]d,-. 

j=i 1=1 j^i j=i 

These bounds are substantially sharper than the previously known. Moreover, they 
are close to optimal in many situations. For instance, let di, . . . , dn+ii H >1 and set 

fl=Xi- H, f2 = X2- xf, fn = Xn- fn+1 = 4"+' • 

This is a system of polynomials without common zeros. Hence, the above result 
implies that there is a Bezout identity a = gifi + • • • + gn+ifn+i which satisfies 
h(a) < d2 - ■ ■ (i„+i(log(-ff) + (4n + 8) log(n + 3)). On the other hand, specializing any 
such identity at the point {H, H'^^ , . . . , H'^^ ''^'^), we get 

a = gn+i{H, H'^\.. , ^ H'^2-d„)H'^2-du+i _ 

This implies the lower bound h(a) > d2 - ■ ■ dn+i log(-?^) and shows that the height 
bound in Theorem 10.11 is sharp in this case. More examples can be found in ^4.31 
It is important to mention that all previous results in the literature are limited to the 
case when y is a complete intersection and cannot properly distinguish the influence of 
each individual fj, due to the limitations of the methods applied. Hence, Theorem lO.il 
is a big progress as it holds for an arbitrary variety and gives bounds depending on 
the degree and height of each fj. This last point is more important than it might seem 
at first. As it is well-known, by using Rabinowicz' trick one can show that the weak 
Nullstellensatz implies its strong version. However, this reduction yields good bounds 
for the strong Nullstellensatz only if the corresponding weak version can correctly 
differentiate the influence of each fj, see Remark 14.271 Using this observation, we 
obtain in ^4.31 the following arithmetic version of the strong Nullstellensatz over a 
variety. 

Theorem 0.2. Let V C A"(Q) be a variety defined over Q of pure dimension r and 
g, fi, . . . , fs S Z[xi, . . . , Xn] such that g vanishes on the common zeros of fi, . . . , fs in 
V. Set dj = deg(/j) and h = maxjh(/,) for 1 < j < s. Assume that di > ■ ■ ■ > dg > 1 

and set D = Y[^:^i^'^^^^ dj. Set also do = max{l, deg(g')} and ho = h.{g). Then there 
exist /i E N, a G Z \ {0} and gi, . . . ,gs E Z[xi, . . . , Xn] such that 



ag^ = gifi^ "rgsfs onV 
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with 

• /i < 2Ddeg{V), 

• degigji) <AdoD deg{V), 



min{s,r+l} 

h{a)M9i) + Hn)<'^doD(h{V) + deg{V)(-^+ ^ +c{n,r,s] 



where c{n, r, s) < (6r + 17) log(ri + 4) + 3(r + 1) log(max{l, s — r}). 

Our treatment of this problem is the arithmetic counterpart of Jelonek's approach to 
produce bounds for the degrees in the Nullstehensatz over a variety | JelOSj . To this 
end, we develop a number of tools in arithmetic intersection and elimination theory 
in products of projective spaces. A key role is played by the notion of canonical 
mixed heights of multiprojective varieties, which we study from the point of view of 
resultants. Our presentation of mixed resultants of cycles in multiprojective spaces 
is mostly a reformulation of the theory developed by Remond in [RemOla] IRemOlb] 
as an extension of Philippon's theory of eliminants of homogeneous ideals |Phi86j . 
We also establish new properties of them, including their behavior under projections 
(Proposition 11.41]) and products (Proposition 11.45]) . 

Let n = (ni , . . . , n„) G and set P"^ = P"i (Q) x . . . x P"™ (Q) for the corresponding 
multiprojective space. For a cycle X of P"' of pure dimension r and a multi-index c = 
(ci, . . . , Cm) S N*" of length r + 1, the mixed Fubini-Study height h.c{X) is defined as 
an alternative Mahler measure of the corresponding mixed resultant (Definition I2.4U|) . 
The canonical mixed height is then defined by a limit process as 

K{X) := hm e-'-\,{[llX), 

where [I] denotes the ^-power map of P"' (Proposition-Definition [2.45P . 
To handle mixed degrees and heights, we introduce a notion of extended Chow ring 
of P" (Definition I2.50p . It is an arithmetic analogue of the Chow ring of P" and 
can be identified with the quotient ring R[r],di, . . . ,dm]/{r]'^,6i^^^, ■ ■ ■ ,9l^~^^). We 
associate to the cycle X an element in this ring, denoted [X]^, corresponding under 
this identification to 

J] he(^) r] 0^"'^ • • • C™"'™ + E ^1 • • • 

c b 

the sums being indexed by all b,c £ N™ of respective lengths r and r + 1 such that 
b,c < n. Here, deg5(X) denotes the mixed degree of X of index b. This element 
contains the information of all non-trivial mixed degrees and canonical mixed heights 
of X, since deg5(X) and h.c{X) are zero for any other b and c. 

The extended Chow ring of P"' turns out to be a quite useful object which allows to 
translate geometric operations on multiprojective cycles into algebraic operations on 
rings and classes. In particular, we obtain the following multiprojective arithmetic 
Bezout's inequality, see also Theorem 12.581 For a multihomogeneous polynomial / € 
X[xi, . . . ,Xm], where Xi is a group of nj + 1 variables, we denote by ||/||sup its sup- 
norm (Definition I2.29P and consider the element [/]sup in the extended Chow ring 
corresponding to the element i deg3.^(/)6'i + log ||/||sup 1]- 

Theorem 0.3. Let X be an effective equidimensional cycle o/P"' defined over Q and 
f G 7j[xi, . . . ,Xm] a multihomogeneous polynomial such that X and div(/) intersect 
properly. Then 

[X . div(/)], < [X], . [fU^. 



HEIGHTS OF VARIETIES AND ARITHMETIC NULLSTELLENSATZE 



5 



Statements on classes in the extended Chow ring can easily be translated into state- 
ments on mixed degrees and heights. In this direction, the above result implies that, 
for any b € N™ of length equal to dim{X), 

m 

h,(X • div(/)) < deg., (/)h6+e. {X) + log 1 1 /I Isup deg^{X) 
1=1 

where denotes the i-th vector of the standard basis of M"*. In a similar way, we also 
study the behavior of arithmetic classes (and a fortiori, of canonical mixed heights) 
under projections (Proposition I2.64"|) and products (Proposition 12.66"]) . among other 
results. 

Jelonek's approach consists in producing a Bezout identity from an implicit equation of 
a specific regular map. In general, the implicitization problem consists in computing 
equations for an algebraic variety W from a given rational parameterization of it. 
The typical case is when is a hypersurface: the variety is then defined by a single 
equation and the problem consists in computing this "implicit equation" . We consider 
here the problem of estimating the height of the implicit equation of a hypersurface 
parameterized by a regular map V ^ W whose domain is an affine variety V , in 
terms of the degree and the height of V and of the polynomials defining the map. 
To this end, we prove the following arithmetic version of Perron's theorem over a 
variety |Jel051 Thm. 3.3]. It is obtained as a consequence of Theorem 13.151 

Theorem 0.4. Let V C A" (Q) he a variety defined over Q of pure dimension r. Let 
qi, . . . , Qr+i G . . . , Xn] \ Z such that the closure of the image of the map 

V^A'-+\q) , x^{qi{x),...,qr+i{x)) 

is a hypersurface. Let E = Ylia&w+^ '^aV"' G '^[ui, ■ ■ ■ ^Ur+i] be a primitive and 
squarefree polynomial defining this hypersurface. Set dj = deg{qj), hj = h{qj) for 
1 ^ j ^ ^ + 1- Then, for all a = (ai, . . . , flr+i) such that cta 7^ 0, 

r+1 r+1 

• < (J](ij)deg(y), 

i=i j=i 

r+1 r+l r+1 , 

. h(aa) + a,K < ( n (h(^) + deg(F) ( ^ + (r + 2) log(n + 3)) ) . 

i=l j=l 1=1 ^ 

For V = A" we have r = n, deg{V) = 1 and h.{V) = 0. Hence, the above result extends 
the classical Perron's theorem |Per271 Satz 57], which amounts to the weighted degree 
bound for the implicit equation aidi < Ylj dj, by adding the bound for the height 

n+1 n+1 n+1 

h(aa) + a»/ii < ( n ^i) + + 2) log(n + 3) JJ dj. 
i=i e=i j^i j=i 

Our results on the implicitization problem as well as those on mixed resultants and 
multiprojective arithmetic intersection theory should be of independent interest, be- 
sides of their applications to the arithmetic Nullstellensatz. 

The method is not exclusive of Z but can also be carried over to other rings equipped 
with a suitable height function. In this direction, we apply it to k[ti, . . . , tp], the ring 
of polynomials over an arbitrary field k in p variables: if we set t = {ti, . . . , tp}, the 
height of a polynomial with coefficients in k[t] is its degree in the variables t. For 
this case, we also develop the corresponding arithmetic intersection theory, including 
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the behavior of classes in the extended Chow ring with respect to intersections (Theo- 
rem [27TS|), projections (Proposition 12. 22|) . products (Proposition I2.25|) and ruled joins 
(Proposition 12.2^ . As a consequence, we obtain a parametric analogue of Perron's 
theorem (Theorem 13. ip and then the parametric Nullstellensatz below, which is a par- 
ticular case of Theorem 14.111 For an affine equidimensional variety V C A"(fc(t)), we 
denote by h.{V) the t-degree of the Chow form of its closure in P"(/c(t)), see ^2.11 for 
details. 

Theorem 0.5. Let V C A"'(/c(t)) be a variety defined over k{t) of pure dimension r 
and fi, . . . , fs G k[t][xi, . . . , Xn]\k[t] a family of s < r+1 polynomials without common 
zeros in V. Set dj = deg^{fj) and hj = deg^{fj) for 1 < j < s. Then there exist 
a G k[t] \ {0} and gi,. . . ,gs G /c[t][xi, . . . ,Xn] such that 

a = 5'i/iH ^9sfs onV 

with s 

• deg,(5i/i) < [II dj J deg{V), 

s ^ u 

. deg(a), deg,(<7^/.) < ( J] ^j) (^(V^) + deg(y) f) . 

j=l £=1 ^ 

For V = A"(A;(t)) we have r = n, deg(y) = 1 and h.(V) = 0. Hence, this result gives 
the following bounds for the partial degrees of the polynomials in a Bezout identity: 

s s 

dega; {gifi) <Yldj , deg(a), degt(5fi/i) < X] ( 11 '^j) 
j=i i=\ j^i 

In Theorem 14.221 we give a strong version of the parametric Nullstellensatz over a 
variety, which also contains the case of an arbitrary number of input polynomials. Up 
to our knowledge, the only previous results on the parametric Nullstellensatz are due 
to Smietanski |Smi93] . who considers the case when the number of parameters p is at 
most two and V = A"'{k{t)), see Remark 14.211 

To prove both the arithmetic and parametric versions of the effective Nullstellensatz, 
we need to consider a more general version of these statements where the input poly- 
nomials depend on groups of parameters, see Theorem 14.281 The latter has further 
interesting applications. For instance, consider the family Fi, . . . , Fn+i of general 
n-variate polynomials of degree di,. . . ,dn+i, respectively. For each j, write 

Fj = Uj^aX 
a 

where each Uj^a is a variable. Let Uj = {uj^a}a be the group of variables corresponding 
to the coefficients of Fj and set u = {iti, . . . ,Un+i}- The corresponding Macaulay 
resultant R G lies in the ideal (Fi, . . . ,Fn+i) C Q['U, a;] and Theorem 14.281 gives 
bounds for a representation of R in this ideal. Indeed, we obtain that there are 
A G Z \ {0} and gj G Z[u, x] such that XR = giFi + • • • + gn+iFn+i with 

n+l 

deg,^, {g^Fi) < J]^ , h{XR), h{g,) < (6n + 10) log(n + 3) ( J] d^) , 

see examples 14.181 and 14.371 The obtained bound for the height of the ^j's is of the 
same order as the sharpest known bounds for the height of R |Som04] . 
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This text is divided in four sections. In the first one, we recah the basic properties 
of mixed resultants and degrees of cycles in multiprojective spaces over an arbitrary 
field K. The second section focuses on the mixed heights of cycles for the case when K 
is a function field and on the canonical mixed heights of cycles for X = Q. In the third 
section, we apply this machinery to the study of the height of the implicit equation, 
including generalizations and variants of Theorem 10. 4[ We conclude in the fourth 
section by deriving the different arithmetic Nullstellensatze. 

Acknowledgments. We thank Jose Ignacio Burgos for the many discussions we had 
and, in particular, for the statement and the proof of Lemma 11.181 We thank Teresa 
Cortadellas, Santiago Laplagne and Juan Carlos Naranjo for helpful discussions and 
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Buenos Aires for inviting him during October-December 2007 and in November 2010. 
The three authors also thank the Fields Institute, where they met during the Fall 2009 
FoCM thematic program. 

1. Degrees and resultants of multiprojective cycles 

Throughout this text, we denote by N = Z>o and by Z>o the sets of non-negative and 
positive integers, respectively. Bold letters denote finite sets or sequences of objects, 
where the type and number should be clear from the context: for instance, x might 
denote so that if ^4 is a ring, A[x\ = A[xi, . . . ,Xn]- For a polynomial 

/ E A\x\ we adopt the usual notation 

a 

where, for each index a = (ai, . . . ,On) £ N", aa denotes an element of A and x"" 
the monomial • • • x'^". For a £ N", we denote by |a| = ai -|- • • • -|- its length 
and by coeffa(/) = Oa the coefficient of x"-. We also set a! = ai!---a„!. The 
support of / is the set of exponents corresponding to its non-zero terms, that is, 
supp(/) = {a : coeff„(/) / 0} C N". For a, 6 G M", we set (a, 6) = J2i=i(^i^i- We 
say that a < b whenever the inequality holds coefficient wise. 

For a factorial ring A, we denote hy A^ its group of units. A polynomial with coeffi- 
cients in A is primitive if its coefficients have no common factor in ^ \ ^4^. 

1.1. Preliminaries on multiprojective geometry. Let ^4 be a factorial ring with 
field of fractions K and K the algebraic closure of K. For m E Z>o and n = 
(ni, . . . , rim) G we consider the multiprojective space over K 

P"(K) = P"i(;^) X • • • X P"'"(K). 

We also write P"' = F'^{K) for short. For 1 < i < m, let a;^ = {xi^, . . . ,Xi^ni} be a 
group of rij -|- 1 variables and set 

X — {a^l, • • • J 3^m}' 

The multihomogeneous coordinate ring of P"' is K[x] = K[xi,. . . ,Xm]- It is multi- 
graded by declaring deg{xij) = G N™", the i-th vector of the standard basis of M"*. 
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For d = {di, . . . , dm) G N"*, we denote by -Rr[£c]rf its part of multidegree d. Set 

n;J;+i = {m G N"'+i ■.\ai\ = di} , N^+^ = Yl n;J;+\ 

l<i<m 

A multihomogeneous polynomial / G can then be written down as 

Let X C be an extension of fields and / € ii^[a;]d. For a point ^ G P"', the value 
/(^) is only defined up to a non-zero scalar m. which depends on a choice of 
multihomogeneous coordinates for ^. 

An ideal I C K[x\ is multihomogeneous if it is generated by a family of multihomo- 
geneous polynomials. For any such ideal, we denote by V{I) the subvariety of P"' 
defined as its set of zeros. Along this text, a variety is neither necessarily irreducible 
nor equidimensional. Reciprocally, given a variety V C P"', we denote by liV) the 
multihomogeneous ideal of K[x\ of polynomials vanishing on y. A variety V is defined 
over K if its defining ideal I{V) is generated by polynomials in i('[a3]. 
Let OJlri = {xi • • • Xm,jm '■ ^ it ^ be the set of monomials of multidegree 
(!,...,!) G N*". A multihomogeneous ideal / C K[x] defines the empty variety 
of P" if and only if VJln C y/l, see for instance jRemOlal Lem. 2.9]. The assignment 
V I— 7- I{V) is a one-to-one correspondence between non-empty subvarieties of P"' and 
radical multihomogeneous ideals of K[x] not containing dJln- 

More generally, we denote by P^ the multiprojective space over K corresponding 
to n. The reduced subschemes of will be alternatively called subvarieties of P^- 
or K -varieties. There is a one-to-one correspondence V i— )• I{V) between non-empty 
subvarieties of P^ and radical multihomogeneous ideals of K[x] not containing dJtn- 
For a multihomogeneous ideal / C K[x] not containing OJln, we denote by V{I) its 
corresponding iT-variety. A X-variety V is irreducible if it is an integral subscheme 
of P^ or, equivalently, if the ideal I{V) is prime. The dimension of V coincides with 
the Krull dimension of the algebra K[xi, . . . , Xm]/I{V) minus m. 

Remark 1.1. In the algebraically closed case, the scheme P^ can be identified with 
the set of points ¥'^{K) and a subvariety V C P^ can be identified with its set of 
points V{K) C ¥'^{K). Under this identification, a subvariety of ¥'^{K) defined over 
K corresponds to a i^-variety. However, a ii'-variety does not necessarily correspond 
to a subvariety of ¥'^{K) defined over K, as the following example shows. Let t he 
a variable and set K = ¥p{t), where p is a prime number and Fp is the field with p 
elements. The ideal (x^ — txp) C Er[xo,xi] is prime and hence gives a subvariety 
of F\. Its set of zeros in ¥^{K) consists in the point {(1 : t^/^)}, which is not a 
variety defined over K. When the field K is perfect (for instance, if char(i<r) = 0), 
the notion of ii'-variety does coincide, under this identification, with the notion of 
subvariety of ¥'^(K) defined over K. 

A K -cycle of P^ is a finite Z- linear combination 

(1.2) X = ^myy 

V 

of irreducible subvarieties of P^. The subvarieties V such that my ^ are the 
irreducible components of X. A i^T-cycle is of pure dimension or equidimensional if 
its components are all of the same dimension. It is effective (respectively, reduced) if 
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it can be written as in (|1.2|) with my > (respectively, my = 1). Given two X-cycles 
Xi and X2, we say that Xi > X2 whenever Xi — X2 is effective. The support of X, 
denoted |X|, is the ET- variety defined as the union of its components. Reciprocally, 
a K-vanety is a union of irreducible i^T-varieties of P"' and we identify it with the 
reduced i^-cycle given as the sum of these irreducible i^T-varieties. 
For < r < |n| , we denote by (P^) the group of i^T-cycles of P"' of pure dimension r 
and by Z^(P^) the semigroup of those which are effective. For shorthand, a ET-cycle 
is called a cycle and we denote the sets of i^T-cycles and of effective ii'-cycles of pure 
dimension r as Zr(P"') and as Z+(P"'), respectively. 

Let / C i^[a;] be a multihomogeneous ideal. For each minimal prime ideal P of /, we 
denote by mp the multiplicity of P in I, defined as the length of the -ftr[a;]p-module 
{K[x]/I)p. We associate to I the K-cycle 

X{I) ■.= Y,mpV{P). 

P 

If V{I) is of pure dimension r, then X{I) G Z^(P^). Let K d E he w. extension of 
fields and V an irreducible i^-variety. We define the scalar extension of V by E as 
the -B-cycle Ve = X{I{V) (S>k E). This notion extends to iiT-cycles by linearity and 
induces an inclusion of groups Zr(P^) ^ ^^(P^). 

Each Weil or Cartier divisor of P^ is globally defined by a single rational multiho- 
mogeneous function in K{x) because the ring K[x\ is factorial |Har77l Prop. IL6.2 
and IL6.11]. Hence, we will not make distinctions between them. We write Div(P^) = 
Z\n\-^i{^K) for the group of divisors of P^. and by Div+(P^) = Z+|_^(P^) for the 
semigroup of those which are effective. 

Each effective divisor D of P^ is defined by a multihomogeneous primitive polynomial 
in A\x\ \ {0}, unique up to a unit of A. We denote this polynomial by fo- If we 
write D = ninH where H is a iT-hypersurface of P'^ and mn G N, then there 
exists X e such that 

H 

Conversely, given a multihomogeneous polynomial / 6 A\x\ \ {0}, we denote by 
div(/) S Div^(P^) the associated divisor. 

We introduce some basic operations on cycles and divisors. 

Definition 1.3. Let V be an irreducible subvariety of P^ and H an irreducible 
hypersurface not containing V . Let Y be an irreducible component oi V r\ H. The 
intersection multiplicity ofV and H along Y, denoted mult(y|y^, -ff), is the length of 
the K[a;]j(y)-module {K[x]/{I{V) + /(i^)))^^^^, see |IIar771 §1.1.7]. The intersection 
product of V and H is defined as 

(L4) V ■ H = ^mult(Y\V,H)Y, 

Y 

the sum being over the irreducible components of V D H. It is a cycle of pure dimen- 
sion dim(l/) — 1. 

Let X be an equidimensional cycle and D a divisor. We say that X and D intersect 
properly if no irreducible component of X is contained in \D\. By bilinearity, the 
intersection product in ()1.4p extends to a pairing 

Z,(P^)xDiv(P^)-^Z,„i(P^) , {X,D)^X-D, 
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well-defined whenever X and D intersect properly. 

Let X £ Z^(P^) and Di,...,Di G Div(P^). Then X ■ UUi^i ^^^^ depend 
on the order of the divisors, provided that all the intermediate products are well- 
defined |Ful84l Cor. 2.4.2 and Example 7.1.10(a)]. 

Definition 1.5. Let mi, m2 G Z>o and G N™' for i = l,2. Let : P^^ --^ P^^ 
a rational map and V an irreducible subvariety of P^^ . The degree of if onV is 

r [K{V) : KCMV))] if dim(^) = dim(y), 

deg(9?|y) = < 

[ if dim(^(y)) < dim(y). 

The direct image ofV under ip is defined as the cycle ip^:V = deg{(p\v) ^(V). It is a 
cycle of the same dimension as V. This notion extends by linearity to equidimensional 
cycles and induces a Z-linear map 

If ■0 : P^^ P^^ is a further rational map, then {if^ o ip)^, = ip^ o because of the 
multiplicativity of the degree of field extensions. 

Let be a hypersuface of P^^ not containing the image of ip. The inverse image 
of H under ip is defined as the hypersurface ip*H = ip~^{H). This notion extends to 
a Z-linear map 

ip* : Div(P^2) Div(Pji), 
well-defined for divisors whose support does not contain the image of ip. 

Direct images of cycles, inverse images of divisors and intersection products are related 
by the projection formula |Ful84l Prop. 2.3(c)]: let ip : P^^ — )• P^^ be a proper map, 
X a cycle of and D a divisor of P^^ containing no component of (/?(|X|). Then 

(1.6) ip^iX ■ip*D) = ip^X -D. 

1.2. Mixed degrees. We recall the basic properties of mixed degrees of multiprojec- 
tive cycles. We also study the behavior of this notion under linear projections. 

Definition 1.7. Let V C P^ be an irreducible i^T-variety. The Hilbert- Samuel func- 
tion of V is the numerical function defined as 

Hy.W'^n , S^dimK{{K[x]/I{V))s). 

Proposition 1.8. Let V C P^ be an irreducible K-variety of dimension r. 

(1) There ] such that Pv{S) = Hv{S) 
for all S > Sq for some Sq G N™. In addition deg(Py) = r. 

(2) Letb = {bi,...,bm) (^'^^- Then b\ coeSb{Pv) S N. Moreover, if h > m for 
some i, then coefff,(Py) = 0. 

Proof. ([T]) and the second part of ^ follow from [RemOlal Thm. 2.10(1)]. The first 
part of ^ follows from [RemOlal Thm. 2.10(2)] and its proof. □ 

The polynomial Py in Proposition 11.81 is called the Hilbert- Samuel polynomial of V. 

Definition 1.9. Let V C P^ be an irreducible iC-variety of dimension r and b G NJ?. 
The (mixed) degree ofV of index b is defined as 

degf,(y) = 6!coefff.(Pv). 
It is a non-negative integer, thanks to Proposition ll.8l| 2]). This notion extends by 
linearity to equidimensional ii'-cycles and induces a map deg^ : Zr(P^') — )• Z. 
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Recall that the Chow ring of is the graded ring 

A*{¥i) = noi. . . . , em]/{eT^\ . . . , C-^'), 

where each Oi denotes the class of the inverse image of a hyperplane of under the 
projection P^^ |Ful84l Example 8.3.7]. Given a cycle X E Zr-(P^), its class in 

the Chow ring is 

[X] = deg,(X) 0-1-^1 • • • C"-'™ G 

b 

the sum being over all b G N™ such that b < n. It is a homogeneous element of degree 
|n| — r. By Proposition II. 8I |2|). deg5(X) = whenever 6j > rii for some i. Hence, [X] 
contains the information of all the mixed degrees of X, since {0^}i,<^ is a Z-basis of 
A*(P^). For Xi,X2£ ^r(P^), we say that [Xi] > [X2] whenever the inequality holds 
coefficient wise in terms of this basis. 

Given a -ftT-cycle X, its class in the Chow ring is invariant under field extensions. In 
particular, [Xj^] = [X] and deg5(X) = degf,(X^) for ah b G N;". If dim(X) = 0, its 
degree is defined as the number of points in Xj^, counted with multiplicity. 

Proposition 1.10. 

(1) Let X G Z+(P^). Then [X] > 0. 

(2) We have [P^] = 1. Equivalently, deg„(P^) = 1 and deg5(P^) = for all 
b G N[;^| such that b^n. 

(3) Let X G ^o(IPk)- Then [X] = deg(X)0'^. Equivalently, dego(X) = deg(X). 

(4) Let D G Div^(P^) and fn its defining polynomial. Then 

m 

[D] = Y,deg^AfD)Oi- 

1=1 

Equivalently, deg^_g. (Z?) = dega,^(/£)) for 1 < i < m and degf,(D) = for all 
b G N|^|_-^ such that b ^ n — ei for all i. 

(5) Let n G N and V C P^ a K-variety of pure dimension r. Then 

[V] = deg(F)r-^ 

where deg(y) denotes the degree of the projective variety V . Equivalently, 
deg,(y) = deg(y). 

Proof. 

([1]) This follows from the definition of [X] and Proposition ll.8l ![2]). 
© For d = gN™, 

1=1 ^ ^ 

where || • || denotes any fixed norm on W^. This implies that degj^(P^) = 1 and thus 
[P^] = deg„(P^) = 1, as stated. 

© Let I = (^1, . . . ,^^) G P". We have K[x\/I{i) = ®ZlK[x^]/ Hence, for 
6 G N'", 

m 

H^{5) = diTnT^{{K[x]/m)^) = J] dim^ J)^^ = 1. 

1=1 
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This implies that dego(^) = 1 and so [$] = 6^. For a general zero-dimensional 
K-cjcXq X, write Xj^ = '^^'m^$, for some points ^ G and € Z. Hence, 
dego(X) = E^m^degoi^) = = deg(X) and so [X] = deg(X)0". 

(0]) Write deg(/) = (deg^j(/), . . . ,deg^^(/)). For S > deg(/), there is an exact 
sequence 

K[x]s^d,^(f) ^ K[x]s {K[x]/{f))s 0. 
Hence, Hjj^S) = Hfn(^6) — Hp^{6 — deg(/£))) and therefore 

^ (n - e./)! 

This implies that deg^„e^(i:') = dega.^(/) and so [D] = EI^i deg^^(/z))6'i, as stated. 
([5]) This follows readily from the definition of deg(y) in terms of Hilbert functions. □ 

The following is the multiprojective version of Bezout's theorem. 

Theorem 1.11. Let X G Zrif"^) and f £ K[ Xi,...,XjYi] be a multihomogeneous 
polynomial such that X and div(/) intersect properly. Then 

[X.div(/)] = [X].[div(/)]. 

Eqmvalently, deg, {X ■ div(/)) = EI^i deg,,(/) deg,+,^(X) for all b G 

Proof. The equivalence between the two statements follows from Proposition I1.1UI |^ . 
The second statement follows for instance from [RemOlbl Thm. 3.4]. □ 

Next corollary follows readily from this result together with Proposition I1.10l| 3|). 

Corollary 1.12. Let fi, . . . , f\r,\ G K[ Xi, . . . , XfYi] be multihomogeneous polynomials 
such that dim [V{fi, . . . , /j)) = \n\ — i for all i. Then 

/\-n\ \ H 

deg n div(/.) = coeff 0" ( J] ( deg^i (/O ^i + • • • + deg,^ (/.) Om) ) • 

\i=l / i=l 

Example 1.13. How many pairs (eigenvalue, eigenvector) can a generic square matrix 
have? Given M = {mij)ij G K^^"', the problem of computing these pairs consists in 
solving Mv = Xv for X £ K and v = {vi, . . . , Vn) G 1^ \ {0}. Set 

n 

fi = siVi - So ^ > 1 <i<n. 

The matrix equation AIv = Xv translates into the system of n bilinear scalar equations 
fi = 0,l<i<n, for ((sq : si),v) G x P""! such that sq / 0. If M is generic, the 
hypersurfaces V{fi) intersect properly. By Corollary [TTT21 the number of solutions in 
pi y, pn-i q£ ^j-^jg gyg^gjji of equations is 

n 

coeffg^gn-i(^]Jdeg^(/i)6'i + deg^(/i)6i2) = coeffg^g„-i ((6*1 + 6^2)") = n. 
1=1 

We deduce that M admits at most n pairs (eigenvalue, eigenvector) counted with 
multiplicities. A straightforward application of the usual Bezout's theorem would 
have given the much larger bound 2". 

The following result shows that mixed degrees can also be defined geometrically. 
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Corollary 1.14. Let X G ^^(P^O and b G N™. For 1 < i < m and < j < bi we 

denote by Hij C P^- the inverse image with respect to the projection P^ — t- P^ of a 
generic hyperplane of¥'^. Then 

m bi 

deg,(x)=deg (^-nn^M)- 

i=lj=l 

Proof. The variety X and the divisors Hij intersect properly and [Hij] = 9i. Theo- 
rem [m] imphes that, for Z = X • U%i Hij G Zo(P^), 

m bi 

deg(Z)0- = [Z] = [X]-\{\{[H,,] = [X]e' = ( degAX)e--'^)e' = deg,(X)0-, 

j=lj=l cGN^ 

which proves the statement. □ 

Next we show that mixed degrees are monotonic with respect to hnear projections. 
For 1 < i < m, let < < ni and set I = (/i, . . . , Im) G N"^. Consider the linear 
projection which forgets the last — /j coordinates in each factor of P^: 

(1.15) TT : P^ --4 P'^ , {xi j) i<i<™ I — > {xi ,-)i<»<m 

' 0<j<ni ' 0<j<li 

This is a rational map, well-defined outside the union of linear subspaces L := 
\Jj^=i V{xifl, . . . , Xi^i^) C P^. It induces an injective Z-linear map 

Proposition 1.16. Let vr : P^ --^ P^ be the linear projection as above and X G 
Z+(P^.). Then 

j([vr*X]) < [X]. 
Equivalently, deg^ (vr^X) < deg5(X) for all b G NJ?. 

The proof of this result relies on the technical Lemma [1.181 b elow . which was suggested 
to us by Jose Ignacio Burgos. Consider the blow up of P" along the subvariety L, 
denoted Blj;,(P"') and defined as the closure in P"' x P' of the graph of vr. It is an 
irreducible variety of dimension \n\. Set x and y for the multihomogeneous coordinates 
of P"' and P', respectively. The ideal of this variety is 

(1.17) /(B1l(P")) = {{xij,y,,j, - : 1 < i < m,0 < ii < J2 < k}) C K[x,y]. 

Consider the projections 

pri : P" X P' — > P" , pr2 : P" x P' — > P'. 

The exceptional divisor of the blow up is supported in the hypersurface E = prj~^(L). 
Let V C P" be an irreducible variety such that V <^ L and W its strict transform, 
which is the closure of the set pr^^(y \ L) D B1/,(P"'). Then 

For a multihomogeneous polynomial / G K[y] \ {0}, we write divp;(/) for the divisor 
of P' defined by f{y) and divp»x(/) for the divisor of P"' defined by f{x). 

Lemma 1.18. Let V C P"' be an irreducible variety of dimension r such that V (f. 
L and f G K[y] \ {0} a multihomogeneous polynomial. Assume that pr2divp!(/) 
intersects W properly and that no component of W ■ pr2divp((/) is contained in E. 
Then divpi{f) (respectively, divpn(/)j intersects tt^V (respectively, V) properly and 

7r*(y • divpn(/)) = TT^V ■ divpi(/). 
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Proof. Consider the following divisors of P"' x P . 

Di = pil divpri(/) , D2 = pr2 divp;(/). 

Write for short B = Bli(P"'). Since W is irreducible, the hypothesis that D2 intersects 
W properly is equivalent to the fact that W is not contained in \D2\. This implies 
that neither V is contained in V{f{x)) nor tt{V) is contained in V{f{y)). Hence all 
intersection products are well-defined. We claim that 

B-{D2- Di) 

is a cycle of pure dimension \n\ — 1 with support contained in the hypersurface E. To 
prove this, write di = deg^.. (/) and, for each 1 < i < m, choose an index < jj < Zj. 
Using ()1.17p we verify that 

m m 

(n40/(^) = (n40/(^) m). 

i=l i=l 

Observe that the ideal of E in K[x, y]/I{B) is generated by the set of monomials 

m 

( H^^jO l<»<m 
i=l 0<j,<li 

Let & B \ E. We have that YYlLi dji 7^ for a choice of jVs- From here, we 

can verify that HilLi^iji 7^ 0- This implies that f{x) and f{y) generate the same 
ideal in the localization {K[x,y]/ I{B))(^^^^i-^ for all such and proves the claim. 

Therefore, there exists a cycle Z € Zr_i(P"' x P') supported on E such that 

W ■ Di = W ■ D2 - Z. 

Since the map pr^ is proper, the projection formula ()1.6p implies that 

V ■ divp^(/) = pr^,{W ■ Di) = ■ D2) - WuZ. 

By hypothesis, no component of W ■ D2 is contained in E. Since pr^^ : B\E ^ P"' \ L 
is an isomorphism, no component of pr^^(VF • D2) is contained in L. Hence, 

7r,(y • divp.(/))) = Tr,pr,,{W ■ D2) - vr.pri.Z = o Wi)*{W ■ D2) = W2*iW ' D2), 

because vr^pr^^^Z = as this is a cycle supported on L. Again by the projection 
formula, 

pr2^(Ty • D2) = pr2^W ■ divp,(/) = tt^V ■ divp!(/), 
which proves the statement. □ 

Proof of Proposition \1.16l The equivalence between the two formulations is a direct 
consequence of the definitions. We reduce without loss of generality to the case of an 
irreducible variety V C P" such that dim(7r(y)) = r. 

We proceed by induction on the dimension. For r = 0, the statement is obvious and 
so we assume r > 1. Let 1 < i < m such that bi ^ and i G K[yj] a linear form. For 
each component C W D E we pick a point £ C and we impose that i{$,c) 7^ 0, 
which holds for a generic choice of i. This implies that pr2(divp( (£)) intersects W 
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properly and that their intersection has no component contained in E. Hence 

degi,{ir^V) = degf,_g^ (vr^y • divpi{£)) by Bezout's theorem II. IH 

= deg5_g. (vr* (y • divpn {£))) by Lemma 11.181 

< deg5_e^(y • divp"(^))) by the inductive hypothesis, 

= deg5(y) by Bezout's theorem I I.IH 

which completes the proof. □ 

Next result gives the behavior of Chow rings and classes with respect to products. 

Proposition 1.19. Let rrii G Z>o and rii G N™' for i = 1,2. Then 

(1) yl*(P^^ X P^2) ^ ^*(p^i) A*(P^^). 

(2) Let Xi G Zj..(P^') for i = 1,2. The above isomorphism identifies [Xi x X2] 
with [Xi] ®i [X2]. Equivalently, for all hi G N*"' such that \hi\ + |b2| = ti +r2, 



degfei ,62(^1 X X2) 



deg6^(Xi)deg52(^2) if \bi\ =ri,|b2| = r2, 
otherwise. 



Proof. 

([T]) This is immediate from the definition of the Chow ring. 

([2]) We reduce without loss of generality to the case of irreducible varieties Vi C 
i = 1,2. Let Xi denote the multihomogeneous coordinates of P^\ For Si G N™', 



T>n-i 
K ' 



K 



[x^,X2]/L{V^ X ^2)),^^,^ ^ {K[x^]/I{Vi))^^ [K[X2]/I{V2))^ 



Hence Hy-^y^y^{6i,52) = Hy-^{Si)Hv2{S2) and therefore PvixV2 = PviPv2- This implies 
the equality of mixed degrees, which in turn implies that [Vi x V2] = [Vi] [V2] under 
the identification in ([1]). □ 

We end this section with the notion of ruled join of projective varieties. Let nj G N 
and consider an irreducible ii'- variety Vi C P^ for i = 1,2. Let denote the 

homogeneous coordinate ring of P^ and /(Vj) C K[xi] the ideal of Vi. The ruled join 
ofVi and V2, denoted Vii^V2, is the irreducible subvariety of P^^"''"'^'''^ defined by the 
homogeneous ideal generated by I{Vi) U/(V2) in K[xi, X2]. In case K is algebraically 
closed, identifying P"i and F"^ with the linear subspaces of P"i+"2+i where the last 
77-2 + 1 (respectively, the first ni + 1) coordinates vanish, Vi^V2 coincides with the 
union of the lines of P"i+"2+i joining points of Vi with points of V2. 
The notion of ruled join extends to equidimensional ii'-cycles by linearity. Given cycles 
Xi G ^r,(IPS), i = 1, 2, the ruled join Xi#X2 is a cycle of F^i+"2+i of p^re dimension 
'"1 + ^2 + 1 and degree 

(1.20) deg(Xi#X2) = deg(Xi) deg(X2), 

see for instance |Ful84l Example 8.4.5]. For z = 1,2 consider the injective Z-linear 
map ji : A*{¥'^) ^ A* defined by 61^ 6'' for < / < m. Then (fOOl) is 
equivalent to the equality of classes 

[Xi#X2]=Jl{[Xi])-j2{[X2]). 
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1.3. Eliminants and resultants. In this section, we introduce the notions and ba- 
sic properties of ehminants of varieties and of resultants of cycles in multiprojective 
spaces. This is mostly a reformulation of the theory of eliminants and resultants of 
multihomogeneous ideals developed by Remond in [RemOlal IRemOlb"] as an extension 
of Philippon's theory of eliminants of homogeneous ideals |Phi86j . We refer the reader 
to these articles for a complementary presentation of the subject. 

We keep the notation of ^1.11 In particular, we denote by A a factorial ring with 
field of fractions K. Let V C be an irreducible i^'-variety of dimension r. Let 
do, . . . ,dr £ N™ \ {0} and set d = (do, . . . , d,.). For each < i < r, we introduce 
a group of variables Ui = {ui^a '■ o G ^d^"*^} consider the general form Fi of 
multidegree dj in the variables x: 

(1.21) Yl Ui^aX" e K[Ui][x]. 

Set u = {uq, . . . , Ur} and consider the [u]-module 

Md{V) = K[u][xi, . . . , Xm]/{I{V) + (Fo, . . . , Fr)) . 

This module inherits a multigraded structure from iir[a;]. For S G N™, we denote by 
■Mdiy)s its part of multidegree d in the variables x. It is a -R'[u]-module multigraded 
by setting deg(tij^a) = Cj G N''"'"-'^, the {i + l)-th vector of the standard basis of R''+^. 
For the sequel, we fix a set of representatives of the irreducible elements of K[u] made 
out of primitive polynomials in A[u] and we denote it by irr(i^'[tt]). We recall that 
the annihilator of a [it] -module M is the ideal of K[u] defined as 

Ann(M) = Ann^[^](M) = {/ G K[u] : fM = 0}. 
Definition 1.22. Let M be a finitely generated Jir[ii]-module. If Ann(M) / 0, we set 
(1.23) ^(M) = XK[u]iM) = n 

feirr{K[u]) 

where £{M(^f^) denotes the length of the [it] -module In case Ann(M) = 0, 

we set x(M) = 0. 

We have that ^(M(j)) > 1 if and only if Ann(M) C (/), see [RemOlal §3.1]. Hence, 
the product in ()1.23p involves a finite number of factors and xi^) is well-defined. 

Lemma 1.24. Let V C be an irreducible K-variety of dimension r and d G 
(N™ \ {0})'"+^ Then there exists 5^ G N"" such that 

Aiin{Md{V)s) = knn{Md{V)s,) , x{Md{V)s) = x{Md{V)s,) 
for all 8 G N™ such that 5 > 5q. 

Proof. Let ^max G be the maximum of the multidegrees of a set of generators of 
Md{V) over K[u]. For 6' > 5 > d^ax we have that Md{V)s' = K[u][x]s>_s MdiV)s 
and so Ann{A4d{V)s') D Ann{Jli d(y)s)- Hence the annihilators of the parts of mul- 
tidegree > 5niax form an ascending chain of ideals with respect to the order < on N™. 
Eventually, this chain stabilizes because K[u] is Noetherian, which proves the first 
statement. The second statement is |Rem01a"l Lem. 3.2]. □ 

We define eliminants and resultants following [RemOla] Def. 2.14 and §3.2]. The 
principal part ppr(Di) of an ideal 3 C i^[it] is defined as any primitive polynomial in 
A[u] which is a greatest common divisor of the elements in Din^[ii]. If 3 is principal, 
this polynomial can be equivalently defined as any primitive polynomial in A[u] which 
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is a generator of 3. The principal part of an ideal is unique up to a unit of A and we 
fix its choice by supposing that it is a product of elements of irr(X[u]). 

Definition 1.25. Let V C be an irreducible K -variety of dimension r > and 
d G (N'" \ {0})'^'^^. The eliminant ideal of V of index d is defined as 

(Bd{V) = Ami{Md{V)s) 

for any 5^0. The eliminant of V of index d is defined as 

Elimd(y) = ppr((2;d(F)). 

The eliminant ideal is a non-zero multihomogeneous prime ideal in K[u] [RemOla^ 
Lem. 2.4(2) and Thm. 2.13(1)], see also Proposition II. 37l fT]) below. In particular, the 
eliminant is a primitive irreducible multihomogeneous polynomial in A[u] \ {0}. 

Definition 1.26. Let V C be an irreducible variety of dimension r > and 
d G (N™ \ {0})''''"^. The resultant ofV of index d is defined as 

ResdiV) = x{Md{V)s) 

for any d ^ 0. It is a non-zero primitive multihomogeneous polynomial in A[u], 
because of Definition 11.221 and the fact that ^d(^) is non-zero. 

Let X G Zr(P'i^) and write X = myV . The resultant of X of index d is defined as 

Resd(X) = J]Resd(y)"^^ G i^(«)\ 
V 

When X is effective, Resd(X) is a primitive multihomogeneous polynomial in A[u\. 

Eliminants and resultants are invariant under index permutations. Next result follows 
easily from the definitions: 

Proposition 1.27. Let X G Zr(P^) and V C P^ an irreducible K-variety of di- 
mension r. Let d = (do, . . . , dr) G (N'" \ {0})''"'"^ and u = {uq, . . . , Ur) the group of 
variables corresponding to d. Let a be a permutation of the set {0, ■ ■ ■ ,r} and write 
ad = (d^(o), • • • ,d„(r)), = {u„(Q),- ■ ■,u„{r))- Then Res^d{X){au) = Resd{X){u) 
and Elim^diV)icru) = El[mdiV){u). 

Eliminants and resultants are also invariant under field extensions. 

Proposition 1.28. Let X G ^^(P^), V C P^ an irreducible K-variety of dimension r 
and d = {do,...,dr) G (N"" \ {0})''+^ Let K C E be a field extension. Then 
there exists Ai G such that Resrf(X£;) = AiResd(X). Furthermore, if Ve is an 
irreducible E-variety, then there exists A2 G E^ such that EWmdiVE) = A2Elimd(T^). 

To prove this, we need the following lemma. 

Lemma 1.29. Let M be a finitely generated K[u]-module and K C E a field exten- 
sion. Then Ann^[^t](M (^k E) = Annx[^j](M) ®k E and xe{M ®k E) = \xk{M) 
with Xg E^ . 

Proof. The first statement is a consequence of the fact that S is a fiat /^-module: for 
each m & M, the exact sequence 

Ann^'[it](?n) — ;> K[u\ K[u\m — )• 

yields the tensored exact sequence 

— >• Ann^[ij](m) E — ;> E[u] — )• E[u]{m ®k 1) 0. 
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Hence, Ann^^^^ (m (Sir 1) = ^^^k[u] (^) '^K E. Now, if M = (mi, . . . , ), then 
Ann£;[„](M ®k E) = Q Ann^[^](mj ®k 1) 

i 

= Pi AimK[u]{'nii) ®K E = Ann^[^t](M) ®k E. 

i 

For the second statement, we can reduce to the case when Ann(M) ^ because 
otherwise it is trivial. Let / G irr(il'[u]). The locahzation iir[it](j) is a principal local 

domain and so ~ ©^Li for some Vi > 1. In particular, i{M(^j-^) = 
^^fj. Let f = Xf YlgQ^^ be the factorization of / into elements g G irr(£^[ti]) and a 
non-zero constant A/ G E^ . On the one hand, for each g in this factorization, 

AT 

i=l 

Hence (.{{M 0k E)(^g)) = (Y^ i^i)fig = i{M(^f))fig. On the other hand, let g G irr(£;[w]) 
be an irreducible polynomial which does not divide any / G irr(Er[ii]) and suppose 
that i{{M ® K E) (^g-)) > 1. If this were the case, we would have Ann^[^j](M(8)ii-£') C {g). 
By the (already proved) first part of this proposition, 

Ann£;[^](M ®k E) = Ann;^[„](M) ®k E. 

This implies Ann(M) C {g) H K[ii\ = 0, which contradicts the assumption that 
Ann(M) / 0. Therefore, £((M ®k E)(^g)) = 0. We deduce 

g(^\rr(E[u\) fehr{K[u]) g\f f 

for A = H/ Aj^^^'^"^^ G E"" . Hence Xb[„] {M ®k E) = X Xk\^^ (M), as stated. 

□ 

Proof of Proposition 1 1 . 2 A To prove the first part, it is enough to consider the case of 
an irreducible ii'-variety V. By definition, Ve is the effective -E-cycle defined by the 
extended ideal I{V) ®k E. Hence, 

Md{VE) = E[u][xi,. . . , Xra]/{I{V) E + {Fq, . . . , F,)) = MdiV) ®K E. 

By IRemOlal Thm. 3.3] and Lemma [091 

Resd(l^ij) = x^[„] {Md{VE)5) = AXkm {Md{V)s) = Ai Resd{V) 

for any and a Ai G E^ , which proves the first part of the statement. The 

second part follows similarly from the definition of eliminants and Lemma ll. 291 □ 

Proposition 1.30. Let V C he an irreducible K-variety of dimension r and 
d G (N™ \ {0})'^+^ Then there exists v > 1 such that 

ReSd(V) = Elimd(y)^ 

Proof Let 5 G and / G irr(is:[it]). We have that iMd{V)s){f) / if and only if 
AnnlMd{V)s) C (/). Therefore, 

/ I ResdiV) ^ f I EliuidiV). 

Thus Elimd(y) is the only irreducible factor of Resd(y) and the statement follows. □ 
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Example 1.31. The resultant of an irreducible variety is not necessarily an irreducible 
polynomial: consider the curve C = V{x\ 0^2,1 — x\ iX2fl) C P"*^ x and the indexes 
df) = di = (0, 1) with associated linear forms Fi = UiflX2fl + iti, 1X2,1 for i = 0, 1. We 
can verify that the corresponding resultant is 

Resd(,,di(C) = (no,o^ii,i - UQ^iUiflf . 

The partial degrees of resultants can be expressed in terms of mixed degrees. 

Proposition 1.32. Let X G Z+(P^O o.nd d G (N™ \ {0})''+^ Then, forO<i<r, 

m 

deg„^(Resd(X)) = coeffe^ ([X\ J] ( ^ 0,)). 

j^i 1=1 

Proof. This follows from |Rem01al Prop. 3.4]. □ 

For projective varieties, eliminants and resultants coincide: 

Corollary 1.33. For n & N let V C P^ be an irreducible K-variety of dimension r 
and d G (Z>o)''+^ Then Resd(T^) = Elimd(y). 

Proof. By Proposition I1.3U1 Resd(V^) = ^lun^iVY for some u >1. On the one hand, 
deg„.(Elimd(y)) = [Wj-Lidj) deg(y) for all i |Phi86l Remark to Lem. 1.8] while on 
the other hand. Proposition 11.321 implies that 

deg„^(Resd(y)) = coeff,n(deg(y)0"-^n^J^) = (ll^i) ^^S^^)' 

Thus Resd(y) and Elimd(V^) have the same total degree. Hence, v = 1 and the 
statement follows. □ 

Given a subset J C { 1 , . . . , m} we set TTj : — ^ n^GJ'^i^ the natural projection 
and xj = {xj)j^j. 

Lemma 1.34. Let d G (N™ \ {0})'^''^^ and Fi the associated general form of multide- 
gree di for < i < r. Let V C P^ be an irreducible K-variety of dimension r > 0. 
Then <Bd{V) is a principal ideal if and only if 

(1.35) dim(7rj(y)) > #{i : < i < r, G K[ui][xj]} - 1 for all J C {1, . . . ,m}. 

// this is the case, Elimd(F) G /^[u] \ K. Otherwise, <BdiV) is not principal and 
Elimd(y) = 1. 

Proof. Assume for the moment that the field K is infinite. 

(^) If d OSD holds , jRemOlal Cor. 2.15(2)] implies that Elimd(l^) generates fBdiV). 
Applying |Rem01al Cor. 2.15(1)], it follows Elimd(T^) / since, for J = {1, . . . ,m}, 

dim(7rj(y)) = dim(y) = r = #{i G {0, . . . , r} : G K[u,][x]} - 1. 

Now suppose that Elimd(^) = 1. This is equivalent to the fact that A4diy)s = 
for S ^ 0, which implies I{V) D {^71)5 and so y = 0, which is a contradiction. 
Therefore, Elimd(F) G K[u] \ K. 

(^) Suppose that (fTTH^ does not hold. By [RemOlal Cor. 2.15(3)], Elimd(y) = 1. 
Hence ^d(^) is necessarily not principal, because otherwise we would have that V = 9. 

The case when K is a finite field reduces to the previous case, by considering any 
transcendental extension E of K and applying Proposition 11.281 □ 
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Given d £ (N™ \ {0})''^^, the space of coefficients of a family of multihomogeneous 
polynomials in K[x] \ {0} of multidegrees dg, . . . , dr can be identified with 

jpAT _ TTpllj=i I ) ^ 

i=0 

For V C P"' consider the following subset of ¥^ : 

(1.36) VdiV) = {{uo, ...,Ur)G¥^ : VD V{Fo{uo, x),..., x)) ^ 0}. 

The following results gives a geometric interpretation of eliminant ideals. 

Proposition 1.37. Let V C P"' be an irreducible variety of dimension r > and 
d€ (N™\{0})^+^ Then 

(1) I{Vd{V)) = <£d{V); 

(2) the variety VdiV) is a hypersurface if and only if ()1.35p holds. If this is the 
case, Vd{V) = l^(Elimd(F)) = V{ReSdiV)). 

Proof. ([1]) follows from jRemOlal Thm. 2.2], while ([2]) follows from ([1]) together with 
Lemma 1 1 . 34 1 and Proposition 1 1 . 301 □ 

The following corollary gives a formula d la Poisson for the resultants of a cycle of 
dimension 0. Recall that the evaluation of a multihomogeneous polynomial at a point 
of is only defined up to a non-zero constant in which depends of a choice of a 
representative of the given point. 

Corollary 1.38. Let X G ^o(P^) and do G N"" \ {0}. Write = J2^m^^ with 
^ G P"' and G Z and let Fq be the general form of multidegree do. Then there 
exists X G such that 

Resdo(X) = A^^o(0"«• 
Proof. Let ^ G P"'. Observe that Fq{^) = is the irreducible equation of the hypersur- 
face Vd(^). By Proposition 11.371 there exists A G such that Eliuidai^) = AFo(^). 
Proposition 11.321 together with Proposition ILlOp j) imply that deg^jj(Resd(^)) = 1. 
Applying Proposition 11.301 we get Resrfy(^) = Elimdo(^). The general case fol- 
lows readily from the definition of the resultant and its invariance under field ex- 
tensions. □ 

Remark 1.39. The notions of eliminant and resultant of multiprojective cycles in- 
clude several of the classical notions of resultant. 

(1) The Macaulay resultant |Macl902] . The classical resultant of n -|- 1 homoge- 
neous polynomials of degrees do, . . . ,dn coincides both with Elimj-^^jj^ ^^^)(P"') 
and with Res(rfQ ,i^)(P'"). This is a consequence of Proposition ll.37l |2|) and 
Corollary [L33 

(2) Chow forms jCW37] . The Chow form of an irreducible variety y C P" of 
dimension r coincides both with Elim(i and with Res(i This 
follows from Proposition 11.371 and Corollarv 11.331 

(3) The GKZ mixed resultant |GKZ941 §3.3]. Let y be a proper irreducible va- 
riety over C of dimension r equipped with a family of very ample line bun- 
dles Lq, . . . ,Lr and RLo,...,Lr the (Lq, . . . , L^) -result ant of V in the sense of 
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I. Gelfand, M. Kapranov and A. Zelevinski. Each Li defines an embedding 
tpi : V ^ P"' . We consider then the map 

^:V^F^ , ^^(V;o(0,...,V'r(0)- 
Using Proposition ll.37l ![^. it can be shown that RLo,...,Lr coincides with the 
eliminant form Elimeo,...,er('0(^))- Using the formula for the degree of the 
GKZ mixed resultant in |GKZ94l Thm. 3.3], we can show that it also coincides 
with the resultant Reseo,...,er('0(^))- 

1.4. Operations on resultants. We will now study the behavior of resultants with 
respect to basic geometric operations, including intersections, linear projections and 
products of cycles. 

An important feature of resultants is that they transform the intersection product of 
a cycle with a divisor into an evaluation. 

Proposition 1.40. Let X G Z''(P^) and do, . . . , G N™ \ {0}. Let f G K[x]d, such 
that div(/) intersects X properly. Then there exists A G such that 

Resdo,di...,d,(-'^)(wo,- • ■,Ur-i,f) = \Resdo,...,dr-i{X • div(/))(iio, • • • ,Wr-i), 
where the left-hand side denotes the specialization of the last of group of variables of 
'Resdo,di...,dr{X) at the coefficients of f. 

Proof This is [RemOlal Prop. 3.6]. □ 

Next we consider the behavior of resultants with respect to standard projections. 
Consider the linear projection vr : P^ P^ in (jl.lSp and let x and y denote the 
multihomogeneous coordinates of P^ and of P^, respectively. Let d G (N"* \ {O})^"*"^. 
The general forms of multidegree di in the variables x and y are, respectively, 

Fi= Ui^ax"" e K[u,][x] , Fl= J2 u.^ay'' e K[u,][y]. 

Write 

u', = {u,,a : a G , < = {u,,a : a G N^+i \ N^+i}- 

Let -< be the partial monomial order on K[uq, . . . , Ur] defined as 

{it-}o<i<r -< w'o -< < u'^. 

By this, we mean that the variables in each set have the same weight and that those 
in u'^ have the maximal weight, then come those in u^-i' etcetera. Observe that 
this order can be alternatively defined as the lexicographic order associated to the 
sequence of vectors wq, . . . , Wr defined as 

i—l r—i 

Wi = ( (0, 0), . . . , (0, 0), (0, 1), (0, 0), . . . , (0, 0) ) . 

Given a polynomial F G K[u] \ {0}, we denote by init_<(F) G K[u] \ {0} its initial 
part with respect to this order. It consists in the sum of the terms in F whose 
monomials are minimal with respect to -<. This order is multiplicative, in the sense 
that init^(FG) = init^(F)init^(G) for all F,G £ K[u]. 

Proposition 1.41. Let vr : P^- P^^ be the linear projection and -< the partial 
monomial order on K[u] considered above. Let X G Z^(P^) and d G (N"' \ {0})'''''"'^. 
Then 

ReSd{Tr*X)\imt^(Resd{X)) in A[u]. 
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Proof. It is enough to consider the case it^:{X) ^ 0, otherwise Resd(7r*X) = 1. In 
addition, we only need to prove that the division holds in since both polynomials 

belong to A[u] and Resd(7r*X) is primitive. 

We proceed by induction on the dimension r. For r = 0, write Xj^ = jt^^^ with 
^ E P"' and £ Z. Hence, 

since vr*^ = whenever ^ £ L, with L defined in p.lSp . Observe that Fq{tt{^)) = 
init^(Fo(^)) for each ^ ^ L. Using Corollarv 11.381 and the multiplicativity of the 
order we deduce that there exist A, A' € such that 

Resd,M,X) = A' n init^(Fo(^))'"« | init^ ( J] Fo(^)'"s) = Ainit^(Resdo(^)). 

Now let r > 1 and suppose that we have proved the statement for all cycles of pure 
dimension up to r — 1 and any base field. Let V be an irreducible JC- variety of 
dimension r. We suppose that Resd('/r*F) ^ 1 because otherwise the statement is 
trivial. Thus, the degree of this resultant in some group of variables is > 1 and, up 
to a reordering, we can suppose that this holds for the group u'q. Consider the scalar 
extension Vft-(u^) of the if- variety V by the field K{u'j.). By Proposition 11.28] there 
exists Ai G K{u'j.)^ such that 

Resd(vr*F) = Ai Resd(7r* Vft-«))- 

In turn, Proposition 11.401 implies that there exists A2 G K{u'^)^ such that 

Resd(7r,(V^(^^))) = A2 Resdo,...,d,_i (vr*(VKK)) " divp; (F;))(ito, . . . ,itr-i). 

We can verify that the form satisfies the hypothesis of Lemma 11.181 Hence, this 
lemma implies the equality of cycles Tr*{Vx(u'^) • divpn(F/)) = t^*{Vk{u',.)) " divp;(F^). 
In particular, 

Resdo,...,d,_i(vr*(Vft'«)) • divpi(F,')) = ReSdo,...,d,_i (vr*(yft'«) • divpr.(i^;))). 
Applying the inductive hypothesis to the (r — l)-dimensional cycle Vk(u'^) ■ divpTi(F/), 

Resdo,...,d,_i(vr*(VKK) • divpr^(F^))) | init^(Resdo,...,d,_i(VK«) • divpr.(F^))). 
The divisor divpTi(F^) intersects Vk{u'^) properly. Proposition 11.401 then implies 

Resdo,...,d,_i(VK«) • divpri(F,'))(uo, . . . ,Ur-i) = A3 Resd(l/^)(uo, • • . ,Ur-i,-?^r) 

for some A3 € K[u'^)'^ . This last polynomial is not zero and it satisfies 

init^(Resd(y)(ito, . . . , itr_i, -P^)) = init^(Resd(l^)), 

due to the definition of -<. We conclude 

Resd(vr*y) | init^(Resd(F)) in K{u'^)[uo, . . . ,itr-i]. 

This readily implies that Resd(7r*V) | init^(Resd(V^)) in K[u\, because Resd(vr*y) is 
a power of an irreducible polynomial of positive degree in uq and r > 0. 
For a general i^-cycle of pure dimension r, the statement follows by applying this 
result to its irreducible components and using the multiplicativity of the order -<. 
This concludes the inductive step. □ 

Remark 1.42. In the projective case [m = 1), this result can be alternatively derived 
from [PSMl Prop. 4.1], see also [KPSOll Lem. 2.6]. 
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Resultants corresponding to general linear forms play an important role in the defi- 
nition and study of mixed heights of cycles. We introduce a convenient notation for 
handling this particular case. Given c = (ci, . . . , Cm) G N"^ we set 

Cl Cm 

(1.43) e(c) = (^7r^,...,^;;:r'^^7^) e(N'"\{o})i^i, 

where Cj denotes i-th vector of the standard basis of M™. For c G NJ!^!, both 
Elimg(f.)(^) find ReSe(c)(^) are polynomials in the coefficients of the r + 1 general 
linear forms Lq, . . . ,Lr corresponding to the index e(c). In this case, Proposition 1 1 . 32l 
implies that, for < i < r, 

(1-44) deg„^(Res,(,)(X)) = deg,_,^.^^^ (X), 

where is the index j such that ci + . . . + Cj_i <i + l<ci + ... + Cj. 

Proposition 1.45. Let rm G Z>o, m G N™' and Xi G ^ri(F^O for i = 1,2. Let 

Ci G N'"* such that \ci\ + \c2\ = ri + r2 + 1. Then there exists A G such that 



2) 



AReSe(ei)(Xi)^^s-2(^2) if\ci\ = n + 1, |C2| = r2, 

AReSe(e2)(^2)'''^^i^-''^^ z/|ci| =ri,|c2| =r2 + l, 
1 otherwise. 



Proof. We first prove the statement for the case when K is algebraically closed and 
A = K. Let u = {uq, . . . ,tij.i+r2} be the group of variables associated to the index 
e(ci, C2). By ()1.44p . for each < z < ri + r2 there is j, 1 < j < mi + m2, such that 

deg„.(ReSe(ei,c2)(^i X ^2)) = '^^g(cuC2)~e,{^i x ^2)- 
If either |ci| > ri + 2 or |c2| > r2 + 2, then deg(c^ c2)-ej (^1 x ^2) = for aU j, thanks 
to Proposition 11.191 Hence all partial degrees are and ReSe(ci,c2)(^i x X2) = 1. 

Consider then the case when |ci| = ri + 1, |c2| = ^2. Again by (|1.44p . for 1 < i < ^2, 
there exists j > mi such that 

degii^^^.(ReSe(ci,c2)(^i X X2)) = deg(c^^c2)-e, (^1 x ^2)- 
By Proposition 11.19] this mixed degree also vanishes, because |ci| > ri. Therefore 

(1.46) ReSe(ci,c2)(^l X X2) G K[uq, . . . ,Ur^]. 

Furthermore, suppose that deg^2(^2) = 0. In this case, for each < i < ri there 
exists J, 1 < J < mi, such that 

deg^.,(ReSe(ci,c2)(^i x X2)) = <^^g{a^,a2)~B,{^i X X2) = deg^^_g^,(Xi)degc2(^2) = 0. 

Hence, ReSe(ci,c2)('^i x X2) = 1 = ReSe(ci)(-^i)'^'^^''^^''^^^ a-iid the statement holds in 
this case. Therefore, we assume that degc2(-'^2) / 0. By linearity, it suffices to prove 
the statement for two irreducible varieties Vi C P"'' of dimension r^, i = 1,2. We 
consider first the case when r2 = 0, that is, when V2 = {^} is a point. Then 

-Me(ci)(Vl X V2) = A^e(cO(^l) ®K K[X2]/ !{$.). 

Hence, for 5i G N™' , 

-Me{ci)("V"l X V2)5^M = -^e(ci)("^^l)5i ®K {K[X2]/ L{$,))s^ ~ M ^i^^^){Vi) s ^ ■ 

By the definition of the resultant, there exists A G ^ such that 

ReSe(cO(^l X V2) = AReSe(ci)(^l) = AReSe(eo(^i)'''^°^^'\ 
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which proves the statement in this case. 

Now let V2 C P"'^ be an irreducible variety of dimension r2 > 1. Write u' = 
{uQ,...,Ur^) and let £i £ K[x2], 1 < i < r2, he generic linear forms associated 
to e(c2) and tt2 the projection x P"^ ^ pn2_ gy ([T:^ . ReSe(ci,c2)(^i x ^2) does 
not depend on the groups of variables Un+i for 1 < i < r2- Hence, 

ReSe(ei,c2)(^l X y2){u) = ReSe(ci ,C2) (^1 >< ^2) (u', ^1 , . . . , ^ra ) 

= A Rese(c0 ((^1 X 1/2) • n ^2 div(^,)) 

i=l 

= AReSe(ei) (^1 X {V2 • ndiv(£i))) 

with A G ii'^ , thanks to Proposition 1 1 . 40l The cycle V2 ■ YliLi div(£j) is of dimension 
and so we are in the hypothesis of the previous case. By Corollarv ll.l4l it is a cycle of 
degree deg,,(V2). Therefore, ReSe(cO (^1 x (V^2-n£i div(£,))) = A' ReSe(eo(Vi)''°^^2(^2) 
with A' S , which completes the proof for the case when K is algebraically closed 
and A = K. 

The case of an arbitrary field K which is the field of fractions of a factorial ring A 
follows from Proposition 11.281 and the fact that the resultants of Vi, V2 and Vi x V2 
are primitive polynomials in A[u]. □ 



2. Heights of cycles of multiprojective spaces 

2.1. Mixed heights of cycles over function fields. Throughout this section, we 
denote by A: a field and t = {ti , . . . , tp} a group of variables. The height of a polynomial 
/ = Ua • • • x^" € k[t] [xi, . . . , Xn] \ {0} is defined as 

Hf) = degtif) = max„deg(aa). 

For / = 0, we set h(/) = 0. The following lemma estimates the behavior of the height 
of polynomials with respect to addition, multiplication and composition. Its proof 
follows directly from the definitions. 

Lemma 2.1. Let fi, . . . , fs € [xi, . . . , x„] and g £ k[t][yi, . . . ,ys]. Then 

(1) h(Ei/i) <max,h(/,); 

(2) mJ^) = E^Hfi); 

(3) h(5(/i,...,/.)) <h(5)+degy(g)max,h(/,). 

In the sequel, we extend this notion to cycles of P" and study its basic properties. 



To this end, we specialize the theory in 31] to the case when the factorial ring A is the 
polynomial ring k[t] with field of fractions K = k{t). In particular, the resultant of 
an effective equidimensional /c(t)-cycle is a primitive polynomial in A;[f][u]. 

Definition 2.2. Let V C P^^^^ be an irreducible A;(t)-variety of dimension r, c E ^l^i 
and e(c) as in (ll.43p . The (mixed) height ofV of index c is defined as 

K{V) = h(ReSe(c)(V^)) = deg,(ReSe(e)(V^)). 

This definition extends by linearity to cycles in ^^(P"^^). 

Forn E N and X E Z,.(P" J, the height of X is defined as h(X) = h,.+i(X). 

k(t) 



HEIGHTS OF VARIETIES AND ARITHMETIC NULLSTELLENSATZE 



25 



Definition 2.3. Let rj be an indeterminate. The extended Chow ring of P"^^ is the 
graded ring 

A* (P-^^ ; m) = A* (P- J ®z Z[r?]/(r?2) ^ TL% 9,,..., 0„]/(r?2, 0^+', • • • , C^^'), 

where 9i denotes the class in j4*(P^^^^) of the inverse image of a hyperplane of P"^'^^ 
under the projection P^^^^ — )■ P^^'^^- For short, we ahernatively denote this ring as 
A*(P"'; A;[t]). To a cycle X G ^^(P^^^^) we associate an element of this ring, namely 

ceN;!^j, c<n 6gN™, b<n 

This is a homogeneous element of degree \n\ — r. 

There is an inclusion of the Chow ring into the extended Chow ring 

^■.A*{F-J^A*{F-^■m) 

satisfying = ^([^]) (mod r/). In particular, the class of a cycle in the Chow ring 

is determined by its class in the extended Chow ring. 

For a cycle X of pure dimension r, we will see in Theorem 12. 18l |^ that h.c{X) = for 
every c such that Cj > Ui for some i. Hence contains the information about all 

mixed degrees and heights, since {0° , r] 6°'} a<n is a Z-basis of A* (F'^ ; k[t]) . 

The mixed heights of a A;(t)-cycle X can be interpreted as some mixed degrees of 
a model of X over P|. For simplicity, we will only consider the case of projective 
fc(t)-cycles, where t is a single variable. 

Definition 2.4. Let n G N and V C be an irreducible /c(t)-variety. Let 

s = {so,si} and x = {xq, . . . ,Xn} be groups of variables and I C k[s,x] the bi- 
homogeneous ideal generated by all the polynomials of the form Sq^^''^^^ f{si/so,x) 
for / € I{y) n A;[t,a;]. The standard model of V over Fj. is defined as the /c- variety 
V{I) C P^ X P^. This notion extends by linearity to cycles of P"^^^: the standard model 
of a cycle X = myV is defined as ^ = myV, where V denotes the standard 
model of the irreducible A:(t)-variety V. 

Remark 2.5. Set Vq and Voo for the restriction of V to the open subsets (P^ \ {(0 : 
1)}) X P^ and (Pfe \ {(1 : 0)}) x P^, respectively. These are irreducible fc-varieties 
which correspond to the prime ideals Iq = I{V) n k[t][x] and Xoo = I{V) n k[t~^][x], 
respectively, and form a covering of V. In particular, V is an irreducible A;-variety. 

A variety W C P^ x P^ is vertical if its projection to P^ consists in a single point. The 
following lemma shows that the standard model of a cycle of P" of pure dimension 

r > is a cycle of P^ x P^ without vertical components. Moreover, there is a bijection 
between ^^(P"^^^) and the set of cycles in Zr+ii^j. x P^) without vertical components. 

Lemma 2.6. Let n E N and r > 0. 

(1) Let X E Zr(P"^^j). Then its standard model X is a cycle of Fl x P^ of pure 
dimension r + 1, without vertical fibers, and the generic fiber of X ^ F^. 
coincides with X under the natural identification of the generic fiber of P^ x 



Fl with P" . 

fc(t) 



(2) Let y E Zr+i{Fl. x P^) be a cycle without vertical components and Y the 

ThenYeZriF^^^] 



generic fiber of y ^ Fl. Then Y E Zr{F^ ) and y is its standard model. 
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Proof. 

([T]) It suffices to prove the statement for an irreducible variety V C IP^^) • We keep the 
notation in Definition 12.41 and Remark [23] and we denote by vr the projection V — )• P^. 
Suppose that V is vertical. This would imply that vr(Vo) is a point. Hence, there exists 
/ G k[t] \ {0} such that '/r(Vo) C V{f) or, equivalently, such that / G Iq. But this 
would imply that 1 G liV) and a fortiori, V = f}>. This is contrary to our assumptions 
and so we deduce that V is not vertical. 

Choose < i < n such that V is not contained in V{xi). For simplicity, we suppose 
that i = 0. Set V^,=V\ Vixo) C F^^^^ \ Vixo) ~ A^^^^^. Set x[ = Xi/xo, I < i < n, 
and let J C k{t)[xi, . . . , x'^] be the ideal of Vxq. Then J n k[t, x'l, . . . , x'^] is the ideal 
of the A;-variety (Vo)xo := Vq \ ^(xo) C (A^ x P^) \ V{xo) ~ A^ x A^. Hence, 

(Vo)xo Spec(fc(t)) = Spec{k[t,x']/I{{Vo)xo) ®fc Ht)) = Spec{k{t)[x']/J) = Ko- 

The generic fiber of vr coincides with the closure in P" of the generic fiber of {Vo)xo — ^ 

A^,, namely, with Vxq = V. The fact that vr is surjective with generic fiber V implies 
that dim(V) = dim(y) + dim(P^) = r + 1 by the theorem of dimension of fibers. 

([2]) It is sufficient to consider the case of an irreducible /c- variety W C P^ x P^ without 
vertical components. Let C be the ideal of the restriction of W to the open 

subset (P^ \ {(0 : 1)}) X P^ ~ A^, X P^. It is a prime ideal of Krull dimension r + 2 
and J'o n k[t] = {0} since vr is surjective. Hence, J := k{t) <Sik[t] 'Jo is a homogeneous 
prime ideal of Krull dimension r + 1 which defines the generic fiber of vr. Moreover, 
Jo = J n k[t][x] and so W is the standard model of W. □ 

Lemma 2.7. Let I C fc(t)[£c] be an equidimensional ideal, X{I) G Z(¥2 ^ ) its associ- 
ated cycle and X the standard model of X[I). LetX <Z k[8,x\ he the ideal generated by 
all the polynomials of the form Sq'^^*^^^ f{si/so, x) for f G Ir\k[t, x] . Then X = X{T). 

Proof. This can be verified by going through the ideals: the minimal primes of / are in 
bijection with the minimal primes of X, and this bijection preserves multiplicities. □ 

There is an isomorphism (f) : A*(P'"^^^; k[t]) — t- ^*(P| x P^) which sends the generators 

T],ei G A* (F]^; k[t]) to the generators 6*1, 6*2 G A*(Fl x P^), respectively. Next result 
shows that, via this isomorphism, the class of a projective k{t)-cycle X identifies with 
the class of its standard model X. In particular, the height of X coincides with a 
mixed degree of X. 

Proposition 2.8. Let X G ^^(P'"^^^) and X he the standard model of X. Then 
Equivalently, deg(X) = deg;^ ri^) '^'"^^ ^i^) — degor+i('^)- 

Proof. It is enough to prove the statement for an irreducible A:(t)-variety V with 
standard model V. Set u = {uq, . . . ,Ur}, 1 = G W^^, e = (1,0) and 

e = ((0, 1), . . . , (0, 1)) G (N2)''+^ We first claim that there exists A G /e^ such that 

(2.9) Resi(y)(M) = AReSe^5(V)((-t, l),it). 

Let / C /c(t)[a;] and X C k[s,x\ denote the homogeneous ideal of V and the bihomo- 
geneous ideal of V, respectively. Set 

Ji = k{t)®kJ+{si-tsQ), J2 = k{t)[s]® I + {si-tso) <Zk{t)[s,x\. 
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These ideals define the subschemes V^.^^^ fl V{si — tso) and {(1 : t)} xV of P^^^^ x P^^^j, 
respectively. For / £ k[t,x], set 

This polynomial is homogeneous of degree deg^(/) with respect to the variables s. 
Observe that 

(2.10) /^°- ^ = [t-'sif'^^^f'^f (mod (si - tso)). 

The ideal I is generated by {/^i™^ : f e I H k[t,x]}. By (|2.10p . these generators 
lie in hence T <Z J2 and so J\ <Z J2- The equations (|2.10p also imply that / is 
contained in the localization [J2)si C k{t)[s,x\s^ for i = 0, 1. Hence, {Ji)s, = (^2)5; 
and so both ideals define the same subschemes of Pj^ xP" . In particular, div(si— tso) 
intersects V^.^^^ properly and we have the equality of cycles 

(2.11) V,(,, • div(.i - ts,) = {(1 ■.t)}xV € ZriFl^^^ X P-^^). 

Applying successively propositions 11.281 and 11.401 ()2.1ip and Proposition 11.451 we 
obtain that there exists ^OiA* £ k[t] \ {0} such that 

(2.12) ReSe,2(V)((-t,l),ii) = ^oResg(V,(,) •div(si-tso))(w) 

= ^oRes5({(l : t)} X V){u) = fiResi{V){u). 

It remains to show that n £ . For t £ k, div(si — tsq) intersects V properly since 
the projection tt : V — )• P^, is surjective (Lemma 12. 6p . Proposition 11.401 then implies 
that ReSg g(V)((— T, l),u) / 0. Furthermore, Kesi{V){u)\^_^ / as this resultant is a 
primitive polynomial in A;[t][ii]. Specializing ()2.12p at t = t, we deduce that ^(r) 7^ 
for all T £ k. Hence, fi £ and ()2.9p follows for A = /i"^. 

Let V = {vq, vi} be a group of variables. By ()2.9p . for any < i < r, 

deg„^ (Resi(y)(it)) = deg^^ (ReSe,e(V)((-t, 1), -a)) = deg^^ (ReSe,g(V)(^;, it)) , 

since ReSeg(V) is homogeneous in the variables v. Proposition 1 1.321 then implies that 
deg(y) = degi,,(V). 

Applying an argument similar to the one above, we verify that sq intersects V properly. 
Hence, ReSe^g(V)((l, 0), it) = AResg(V • div(so))(w) with X £ k^ . In particular, this 
specialization is not zero, and so the degrees of ReSe^g(V) in vq and in v coincide. 
Therefore, 

h{V) = degt (Resi(y)(u)) = deg^ (ReSe,g(V)((-t, 1), -u)) = deg„ (ReSe,g(V)(i;, w)) . 
By Proposition 11.321 we conclude that h{V) = degg ^_,_]^(V). □ 

Next proposition collects some basic properties of mixed heights and classes in the 
extended Chow ring of multiprojective cycles over k{t) with t = {ti, . . . , tp}. 

Proposition 2.13. 

(1) Let X £ Z+{¥'^^J. Then [X]^^^, > 0. In particular, h^iX) > for all 

(2) Let X £ Z^(P^). Then = <[^fc(t)]) 0^ equivalently, K{X) = for 
all c £ N;!\,i. In particular, [P^^jl^ft] = 1- 
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(3) Let ^ = {$,1, . . . ^ point with coordinates in k{t) and for each 
1 < i < m write = for coprime polynomials G k[t]. Then 

m 

4 = 1 

with h(^j) := maxjh(^jj) = maxj deg(^jj). In particular, he^{^) = h(^j). 

(4) Let D G Div^(P"^^) and fo G ^[i][ic] its primitive defining polynomial. Then 

m 
i=l 

In particular, h.n{D) = h{f£)). 

Proof. 

^ This is immediate from the definition of mixed heights and classes in the extended 
Chow ring. 

dll) By Proposition ll.28l there exists A G k{t)^ such that ReSf,(c){^k(t)) ~ ^^^^e{c){^)- 
Since the term in the left-hand side is primitive with respect to k[t], we deduce that 
A G fc^. Hence, this resultant does not depend on t and lic{X) = for all c. This 
readily implies that [^^(tjlfeft] = ^([^^(t)])- The rest of the statement follows from 
Proposition [TTO]®. 

(I3D By Proposition[rTD]I31), it is enough to show that he,(^) = h(^J. By Corollary [TM 
there exists Aj G k{t)^ such that ReSei(^) = XiLi{^^), where Li is the general linear 
form of multidegree ej. Indeed, Aj G k^ since ReSei(^) and Li{^i) are primitive 
polynomials in k[t]. Hence, hg. (^) = deg^(Lj(^j)) = h(^,j). 

dH) By Proposition [LTOtlH) . it is enough to show that h„(L>) = hifo). Set d = 
deg(/£)). Consider the general form F of multidegree d and the general linear forms 
L = (Lq, . . . , corresponding to e(n). Write for short R = ReSg^jj) ^^(P^). Using 

propositions 11.401 and 11.281 we deduce that there exists A G k{t)^ such that 

XRes,^r.){D){L) = R{L,fD). 

Observe that A G k[t] \ {0} because the resultant in the left-hand side is a primitive 
polynomial. On the other hand, let C be an irreducible fe-hypersurface. The 
fact that fo is primitive implies that there exists ^ £ H such that foi^jx) ^ 0. 
Applying Proposition I1.4UI to the cycle and fD{^,x) G k[x] we deduce 

R{L,fD{^,x))^0. 

Hence, A(^) / 0. This implies that V{X) contains no hypersurface of and so 
X £ k^ . Hence, 

K{D) = degt (ReSe(^)(Z?)) = deg, {R{L, fo)) = degtifo) deg^Ji?) = hifo), 
since degt(/z)) = h(//)) and, by propositions II. 321 and II. 1U[ P|). deg^^(i?) = 1. □ 

We recall some notions and properties of valuations of fields. Let Tq, . . . , Tp denote 
the standard homogeneous coordinates of P^. If we identify each variable ti with the 
rational function Tj/To, we can regard k{t) as the field of rational functions of this 
projective space: given a G A;(t), then a(ri/To, . . . ,Tp/Tq) is homogeneous of degree 
and defines a rational function on P^. 

Given an irreducible /c-hypersurface H of P^ and a G k{t), we set ord//(a) for the 
order of vanishing of a along H. The map ordn ■ k{t) — Z is a valuation of k{t). 
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If Hoo := V{To) is the hyperplane at infinity, then ordHoo('^) = — deg(a) where 
deg(a) = deg(ai) — deg(a2) for any Oi £ k[t] such that a = 01/02- If i/ / Hoo, then 
ord//(a) coincides with the order of the polynomial //^(l, ti, . . . , tp) in the factorization 
of a, where fn £ k[TQ, . . . , Tp] is the defining polynomial of H. 

Let K be an arbitrary field and v a valuation of K. For a polynomial / over K, we 
set v{f) for the minimum of the valuation of its coefficients. Gauss Lemma says that 
for any given polynomials /, g over K, 

v{fg) = v{f) + v{g). 

Given a finite extension E of K, there exists a (non- necessarily unique) valuation w 
of E extending v. 

The height of an arbitrary resultant can be expressed in terms of mixed heights: 
Lemma 2.14. Let X £ and d £ (N™ \ {0})''+^ Then 

r m 

deg,(Resd(X)) = coeff,e^([X],j,, H^dijOj). 
In particular, for b £ N"^ and dr £ N™ \ {0}, 

m 

(2.15) degt(ReSe(6),d.(^)) = ^4jh5+,^.(X). 
Proof. Write d = {do, ...,dr) for G \ {0}. We claim that 

m 

(2.16) degt(Resdo,...,d,(-^)) = ^doj deg^{ReSe^^du■■■,dr{^))■ 
We first consider the case r = 0. Let = "^-^ ^ with ^ G P"' and > 1. For 

each of these points write ^ = for some £ k{t). Let Fq and Lj denote the 

general forms of degree dp and Cj as in ()1.2ip . respectively. By Proposition 11.281 and 

Corollary 11.381 there exist fi, Xj £ k{t) such that 

Resrf„(X)(Fo)=^n^o(^r' ' Rese,(X)(L,) = A, n^j(^.r'- 

Picking a suitable choice of multihomogeneous coordinates for the ^'s, it is possible 
to set Xj = 1 for all j. We have 

(m ^ m m 

n = n n (o'"-^"^^ = ^ n i^^^-. (^)(^.)'°'^ • 

We deduce that // G k{t)^ since all considered resultants have coefficients in k[t]. 
Now let S be a sufficiently large finite extension of k{t) containing all the chosen 
coordinates ^jj. For any valuation v of E, 

m m 

(2.17) ^(Fo(^)) = nain v{e) =Y.'^o,j mini;(e,,f) = dojz;(L,(^,)). 

Let H be an irreducible /c-hypersurface of different from H^, and vh a valuation 
of £" extending oidu- Since ResdQ(X) and ReSej (^) are primitive with respect to k[t], 
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we have that f//(Resdp(X)) = VH(ReSe.{X)) = 0. By Gauss Lemma, 
ordnifi) = -ordH(n^o(^)™^) = - ^ ^^^(^o(^)), 

Applying (mil), 

m 

ordH(/i) = - J^"i^^^H(i^o(0) = -^^c^oj (^m^i;/^(Lj(^j))) =0. 
^ i=i ^ 

Since this holds for every H / //qo, we deduce that fi £ . Now let Voo be a valuation 
of E extending ord//^ . Applying again Gauss Lemma and ()2.17p , 

ordH^(Resdo(X)) =^m^VooiFo{i)) 

m m 

Hence deg4(Resdo(A")) = Z^jLi '^oj deg4(ReSej (A")), which concludes the case r = 0. 

The case r > 1 follows by reduction to the zero-dimensional case. For 1 < i < r, 
let Fi be the generic polynomial of multidegree dj and Ui the variables corresponding 
to its coefficients. Set k = k{ui, . . . ,Ur). Observe that div(Fj) intersects properly 
the cycle A^^^^ • Hti div(Fj), I < j <r. Therefore, A^^^^ • ]Xi=i div(Fj) is a cycle of 
dimension and, by Proposition 11.401 there exists A G k{t)^ such that 

r 

ReSd(A) = A Resdo (a^ • \{ div(F,)) , 

i=l 

Since both resultants are primitive with respect to /i;[t], A G k^ and so these resultants 
have the same t-degree. Analogous relations hold for ReSej,di,...,dr(A), 1 < j < m. 
Hence, (j2.16p follows by applying the previously considered zero-dimensional case. 

Prom Proposition 11.271 we deduce that the map 

(N™\{0}r+i^Z , d^deg,(Resrf(A)) 

is multilinear with respect to the variables do, . . . ,dr. The same holds for the map 
d I— )• coeff^e" ([A]j.j^j 111=0 Sj^i Both maps coincide when d = e(c) for c G 

^l^+i because 

deg,(ReSe(c)(A)) = he(A) = coeff.^^e'^ [A],^,,). 

Since the family {e(c)}c is a basis of the semigroup (N™ \{0})''"*"^, both maps coincide 
for all d. This completes the proof of the statement. □ 

The following is an arithmetic version of Bezout's theorem for multiprojective cycles 
over k{t). 

Theorem 2.18. Let X G ^r(lP^(,)) and f G k[t][xi,... , x„i\ a polynomial, multiho- 
mogeneous in the variables x, such that X and div(/) intersect properly. 
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(1) If X is effective, then for any b G NJT' 

m 

hk{X . div(/)) < h(/)deg,(X) + ^deg,^(/)h5+e,(X). 

i=l 

(2) \i(.{X) = for any c S such that Ci > rii for some i. 

(3) IfX IS effective, then [X • div(/)],,,j < [X]^^^^ • [div(/)],,j,, . 

Proof. 

^ Set d = deg(/) and let u = (wq, • • • ,Uj.-i,Ur) be the groups of variables corre- 
sponding to (e(b),d). By Proposition 11.401 there exists A G k{t)'^ such that 

ReSe(5)^d(^)(^tO, • • • , Wr-l, /) = A ReSe(5)(X • div(/))(lto, . . . , Ur-l). 

Indeed, A G \{0} because the resultant in the right-hand side is primitive. Hence, 
degt (ReSe(5)(X • div(/))) < deg^ (ReSe(b)^d(^)(^io, • • ■ ,Ur-i, /)) 

< degt(/) deg„^(ReSe(6),d(^)) +deg^(ReSe(6),d(^))• 
Prom the definition of the height and Proposition 1 1 . 32l we deduce that h5(X-div(/)) < 
h(/)deg5(y) -I- deg4(ReSe(6),d(^))- The statement follows then from ()2.15p . 

([2]) It is enough to prove the statement for a A;(<)-variety V . We first consider the 
case when V is determined by a regular sequence. We proceed by induction on its 
codimension. Let fj, 1 < j < \ti\ — r, be a regular sequence of multihomogeneous 
polynomials. For r < i < \n\, set 

\n\-e 

Yi = ndiv(/.)e^/(ipr,j. 

For r = \n\, we have Y^^l = IP"' ^-iid Proposition I2.13l |2]) implies that hc(l^ri|) = for 
all c G N|„|+i. Suppose now that r < \n\ and that the statement holds for Yr+i- Let 
c G such that Cj > rij for some i. By Proposition 12. 13lf T]l and item ([1]) above, 

■m 

< K{Yr) < h(/|„|_,,)deg,(y,+i) + ^deg,^,(/|^l_,)he+e,(i;+i). 

J=l 

The inductive hypothesis together with the fact that degf,{Yr+i) = imply that the 
right-hand side of this inequality vanishes, and hence hc(l^) = 0. 
For the general case, consider |n| — r generic linear combinations of a system of 
generators of I{V). The obtained polynomials form a regular sequence and define 
a variety Y^ such that Yr — V is effective. By the previous analysis, < hc(V^) < 
hc(^) = 0, hence hc(V^) = as stated. 

([3]) This is a direct consequence of ([T]) and ([2D together with Theorem 11.111 and Propo- 
sition En)® . □ 

Corollary 2.19. Let V C P"^^ be a k(t)-variety of pure dimension r and f G 

fc[t][a;i, . . . ,Xm] a multihomogeneous polynomial. Let W denote the union of the com- 
ponents of dimension r — 1 of the intersection V D V{f). Then 

In particular, hi,{W) < h(/) deg^iV) + EIli deg,,(/)h5+e.(^) for all bGN^. 
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Proof. Let V' C P^^^^ be the union of the components of V not contained in |div(/)|. 
Then W C V D V{f) and V{f) intersects V properly. By Theorem EHHSD , 

The last statement follows from this inequality when b < n and from Theorem 12. 18l !f2]) 
otherwise. □ 

Corollary 2.20. Let n G Z>o, X G Z^{F2^^^) and fj G k[t\[xo, . . .,Xn]\k[t\ a family 

of s < r polynomials homogeneous in the variables xq, . . . ,Xn such that XYYjZ}i div(/j) 
and div(/j) intersect properly for 1 < i < s. Then 



h(^-ndiv(/,)) < (ndegj/,)) (hW + deg(X)(j:gii| 

j=l j=l 1=1 ^X^J'^' 

Proof. Set F = X • W'-^^ div(/j). We have 

[y],,, =h(y)r?r-^+-i + deg(y)r-'^+^ , [x],,,^ = {h{x)r,e--^-' + deg{x)e^-^). 

Applying recursively Theorem I2.18l |3|) , 

s 

The statement follows by comparing the coefficients corresponding to the monomial 
j^Qu-r+s-i above inequality. □ 

Next result shows that, for projective A;(t)-cycles, the inequality in Theorem l2.18t fT|) 
is an equality in the generic case. 

Proposition 2.21. Let X G Z,.(P"^^^) with k an algebraically closed field, t a sin- 
gle variable and n,r > 1. Let Af C x 6e the standard model of X and 
i G k[xo, . . . , Xn] 0, generic linear form. Then 

(1) X ■ div(£) is the standard model of X ■ div(^); 

(2) deg(X • div(^)) = deg(X) and li{X • div(^)) = h{X). 

Proof. 

([1]) By Lemma \2.7\ it is enough to prove the claim for an irreducible /c(t)-variety V of 
dimension r > 1. Let V C P^ x P^ be the standard model of V. By Lemma l2.6l |2]). it 
suffices to prove that V ■ div(£) is the generic fiber of V • div(£) and that the support of 

V • div(£) has no vertical components. Consider the projection -cj : V ^ P^. We have 

1 < r = dim(V) - dim(Pfc) < dim(t37(V)) < dim(V) = r + 1. 

If dim(ro(V)) = 1, then dim(y) = 1 and vj-'^i^) = P[, x {^} for all ^ G ro(V) because 
of the theorem of dimension of fibers. Hence, in this case. 

Therefore, V • div(^) = P], x {w{V) ■ div(£)) has no vertical components. Moreover, 
by considering the generic fiber of vr : V — ?• P^, it follows from Lemma l2.6l|T]) that 

V = ro(V)j,jjj. Hence, the generic fiber of V • div(£) over P^ coincides with V ■ div(^), 
which proves the claim for dim(zi7(V)) = 1. 

If dim(zz7(V)) > 2, V n V{i) is an irreducible /c-variety of dimension r by |Jou831 
Thm. 6.3(4)]. Moreover, the induced projection ne : V ■ div(^) — >• P^ is surjective. 
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Indeed, for r € P^(A;), we have that V n 7r~^(r) is a projective variety of dimension 
r > 1 and so 

(V n v{£)) n tt-^{t) = (V n ir-^{T)) n v{e) ^ 0. 

Hence, the projection tt£ has no vertical fibers, as it is surjective and the support 
of V • div(£) is irreducible. By going through the ideals of definition, we can verify 
that its generic fiber coincides with V ■ div(^), which completes the proof of the claim. 

([2]) The statement concerning the degree follows from Theorem 11.111 For the height, 

HX) = dego,,+i(A') = dego,,(A' • div(£)) = h{X ■ div(£)). 

The first and third equalities follow from Proposition 12.81 and the second one follows 
from Theorem 11.111 □ 

We next show that mixed heights are monotonic with respect to linear projections. 
We keep the notation from Proposition 11.161 In particular, we consider the linear 
projection vr : — > P^^ in (fLT5]) and the inclusion j : A* {¥'■ ; k[t]) ^ A* {F"^ ; k[t]) 
defined by j{P) = 

Proposition 2.22. Let vr : P"^^ --->■ P'^^^ be the linear projection defined in (jl.lSp 
and X G Z+(P" ). Then 

In particular, hc('/r*X) < hc{X) for all c £ ^^^i- 

Proof. The statement is equivalent to the inequalities degf,(7r*X) < degfj{X) and 
h.(.{n^,X) < h.c{X) for all b, c. Because of Proposition 11.16] we only need to prove the 
latter. Let c € NJ?Yi- By Proposition II. 41^ ReSe(c)(7r*-'^) divides init_<(ReSe(c)(-'^)) in 
fc[t][ti]. We deduce that 

K{tt^X) = degt(ReSe(c)(7r*X)) < degi(ReSe(c)(X)) = K{X), 

which proves the statement. □ 

The following result gives the behavior of extended Chow rings and classes with respect 
to products. 

Proposition 2.23. Let irn £ Z>o and rii £ N™' for i = 1,2. Then 

(1) A*(P"i xP"2;A;[i])~A*(P"i;yfc[i])®Z[^]^*(P"2.^[i])_ 

(2) Let Xi G Z^(P"'^^) fori = 1,2. The above isomorphism identifies [Xi x X2]f^^^^ 
with CS" [X2]j.jjj. In particular, for Ci G N™' such that \ci\ + \c2\ = 
ri + r2 + 1, 

degc2(X2)hci(Xi) i/ |ci| = ri + 1, |C2| = r2, 
degci(^i)hc2(^2) if\ci\ =ri,\c2\ = r2 + 1, 
otherwise. 



Proof. ([T]) is immediate from the definition of the extended Chow ring while ([2]) follows 
directly from Proposition 11.451 □ 

Finally, we compute the class in the extended Chow ring of the ruled join of two 
projective varieties. Let ni,n2 G N and consider the Z-linear map ji : j4*(P"'; A;[t]) 
^*(pni+n2+i. /.[^]) defined by 3i{e^rf>) = e^ri" for < Z < and 6 = 0, 1. 
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Proposition 2.24. Let Xi G ^^^(P^*^^) fori = 1,2. Then 

[^l#^2],,]=Jl([Xi],,,)-j2([X2],„). 

In particular, h{Xi#X2) = deg(Xi) h(X2) + deg(X2) h(Xi). 

We need some lemmas for the proof of this result. The first of them deals with 
0-dimensional cycles. For i = 1,2 and j = 0,1, let Xi = {xi^Q, . . . ^Xi^m} be the 
homogeneous coordinates of P"' and u^^^ = {u^^}}o<i<n, a group of nj + 1 variables. 

(i) 

Write Lj for the general linear form in the variables Xi. 

Lemma 2.25. Let Xi £ ^o(IP"(\)) for i = 1,2. Then h(Xi#X2) = deg(Xi)h(X2) + 
deg(X2)h(Xi). 

Proof For i = 1,2, write Resi(Xi) = Ai 4'^(^i)™^' with Xi G W)'' > ^ IP"*(A?(t)) 
and m^. G Z. We claim that there exists G k{t)^ such that 

Resi,i(Xi#X2) = .A^(^^) A^(^^) n {4'\^i)L?i^2)-L['\^,)L^^\i,)r^'-'^. 

Indeed, for each G P"i(A?(t)) and ^2 ^ F"2(^), Proposition OIKII) and Corol- 
lary [OS] imply tha^Resi,i(^i#^2) is equal to 4'^ (^1)^1^2) " ^S'^ (^2) up 
to a constant in k{t) . We deduce that there exists /i G k(t) such that 

(2.26) Resi,i(Xi#X2) = H ^(^2) " 4''(^i)4'^(^2))"''^"^'^- 

By setting u^^^ = in this equality and comparing its right-hand side with the explicit 
expression for Resi(Xj) plus the fact that Resi^i(Xi^X2) has coefficients in k{t), we 
get that fi = uXf^^'''^ Xf^^""'^ with u G A;(t)x.' 

Let be a sufficiently large extension of k{t), H c¥^a hypersurface and v a valuation 
of E extending ordj^. For i = 1,2 and = (Cij)j G set = min{w(^jj)}. 

Observe that 

v{L^^\^,)Lf\^,) - 4^^(^i)4'^(^2)) = ^(^i) + ^(^2) = v{L^^\^,)) + v{L^^\^,)). 
Therefore, applying Gauss' lemma, we obtain that ordH(Resi^i(Xi^X2)) is equal to 

ordH(i^) + deg(X2)7;(Ai) + deg(Xi)7;(A2) + {v{$i) + ^^(^2)) 

=ordH(i^) + deg(X2) (v{Xi) + ^ m^^v{$^)^ + deg(Xi) (i;(A2) + ^ rn^^vi^^)) 

^2 

= ordH(z^) + deg(Xi) ordH(Resi(X2)) + deg(X2) ord/^ (Resi(Xi)). 

Let Hoo be the hyperplane at infinity. For H 7^ H^o, ordH(Resi^i(Xi#X2)) = 
ord//(Resi(Xj)) = and the identity above implies that ord/f(i^) = in this case. 
Since this holds for all H / Hoo, it follows that u G k^ . Hence, ord//^(z^) = 0. For 
H = in the same identity, we get 

ordH^(Resi,i(Xi#X2)) = deg(Xi) ord//^ (Resi(X2)) + deg(X2)ordH^ (Resi(Xi)). 

This implies the statement. □ 
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Lemma 2.27. Let k be an algebraically closed field and t a single variable. Let 

V C P^. X be the standard model of Vi#V2, where each Vi C is an 
irreducible k{t)-variety and dim (V2) > 1. Let i G ^[3^2] be a generic linear form. Then 

V ■ div(^) is the standard model of Vijf{V2 ■ div(^)). 

Proof. By Lemma l2.6l ![2]l. it suffices to prove that Vi7^(V2 • div(£)) is the generic fiber 
of V • div(£) and that the support of the cycle V • div(£) has no vertical components. 
Let Xi,o = IiVi)nk[t][xi] andXo = {liVi) + L{V2)) nk[t][xi,X2] be the prime ideals of 
Vifi and of Vq respectively, following the notation in Remark [2.5i Then Zq D Xi^o+2^2,o- 
In addition, there is an isomorphism of A;[t]-algebras 

k[t][xi,X2]/{Ilfi +X2,o) ^ k[t][xi]/Iifi k[t][x2]/l2,0- 

Hence Ii^o + l2,o is a prime ideal of Krull dimension ri + r2 + 2. By Remark 12.51 
and Lemma |2.6I| T]). Iq is also a prime ideal of Krull dimension ri + r2 + 2. Hence, 
Iq = Xifl + X2fi. This implies that Xq + {€} = Iifi + l2,o + (■^) and so 

k[t][xi, X2]/{Io + {£)) ~ k[t][xi]/Ii^o k[t][x2]/{l2,0 + (i))- 

Let T G P^(A;) \ {(0 : 1)} and write r = (1 : r) with t £ k. The /c[t]-algebra 
k[t][xi,X2]/{Io + (^)) ®k[t] k{T) is isomorphic to 

{k[t][xi]/Ii^o ^k[t] k{r)) ^k[t] {k[t][x2]/{l2,o + W) ^k[t] Ht)) 

The cycle X{Iq + (i)) coincides with Vq • div(^) because of the definition of the inter- 
section product. Since dim(V2) > 1, Proposition l2.21lf T]l and Lemma \T7\ implv that 
the cycle X{l2fi + (^)) coincides with the standard model of V2 ■ div{£). 
We also deduce that dim(7r~^(T)) = ri + r2 = dim(Vo • div(^)) — 1, and so there are 
no vertical components. The case when r = (0 : 1) can be treated in the same way 
by considering I^o and li^oo instead of Xq and li^, respectively. Finally, applying the 
isomorphism above to the generic point of P^, we deduce that the generic fiber of 
vr : V • div(^) — )• P^, coincides with Vi^{V2 ■ div(^)). This concludes the proof. □ 

Proof of Proposition \2.24\ The statement is equivalent to the equalities 

deg(Xi#X2) = deg(Xi) deg(X2) , h(Xi#X2) = deg(Xi) h(X2) + deg(X2) h(Xi). 

The first one is ()1.20p and so we only need to prove the second. It is enough to prove 
this equality for irreducible A:(t)-varieties Vi, V2 over an algebraically closed field k. 
Suppose first that the group of parameters consists in a single variable t. In this case, 
the proof will be done by induction on the dimension of the V^'s. Write rj = dim(Vi). 
The case ri = r2 = is covered by Lemma 12.251 so we assume that either ri or r2 
are not 0. By symmetry, we can suppose that r2 > 1. Let Vi and V be the standard 
models of Vi and of Vi^V2, respectively, and i G k[x2] a generic linear form. Then, 
by Proposition 12.81 Theorem 11.111 Lemma 12.271 and again Proposition 12.81 

HVi#V2) = dego,,,+,,+2(V) = dego,,,+,,+i(V • div(£)) = HV,#{V2 ■ div(^))). 

Using the inductive hypothesis and Proposition l2.2lT j2]) . we get 

h(^i#(^2 • div(^))) = deg{Vi) h{V2 ■ div{i)) + deg{V2 ■ d[v{i)) h{Vi) 

= deg{Vi) h{V2) + deg{V2) h(Vi), 

which proves the statement for this case. 

The case of an arbitrary number p of parameters reduces to the previous one as follows. 
Given an irreducible subvariety C P" , consider the field k = /cf^^— . . . , ^2-^) 

fc(t) ' \ W) ' ' Ul / 

where w is an additional variable and 7, G /c is a generic element. Observe that k{w) 
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coincides with k{t){w) and so it is a transcendental extension of k{t). The scalar 
extension W~ C P" is an irreducible subvarietv of the same dimension and degree 

as W. Let Resi (W~ ) be the Chow form of W~ , primitive with respect to the base 

ring k[w\. By Proposition 11.28] there exists A G k{w)^ such that 

AResifVT- JH = Resi(VF)(t) = Resi(W^)f^i^w; + 7i,...,^^^w; + 7p 

Indeed, Resi(VF) is a polynomial over k[w\ and Resi(VF-^ ^) is primitive with respect 

to this ring. Hence, \ ^ k[vj\ \ {0}. Furthermore, let be a root of A in the algebraic 
closure of k. If C / 0, setting w = Q m. the equality above we get Resi(W^) = 0, which 
is impossible. If C = 0, we get = Resi(VF)(7), which is also impossible since 7 is 
generic. We conclude that X £ k^ . In particular, 

(2.28) h(I^) = deg,(Resi(I^)) = deg^ {Res^{W.^^J) = K{W.^^J, 

where h^ denotes the height with respect to the base ring k[w]. Coming back to 
our problem, we observe that {Vi#V2)^^^^ = ^ik{w)^^2k(w)^ which follows read- 
ily from the definition of the ruled join. Applying (|2.28|) and the previously con- 
sidered case when p = 1, we conclude that h(yi#V2) = ^'w{^ik[uj)'f^^2k{w)) ~ 

2.2. Measures of complex polynomials. To study cycles defined over Q, we will 
use different measures for the size of a complex multivariate polynomial. We introduce 
them in this section and collect some of their properties. 

Definition 2.29. Let / = J2a '^a x"" G C[xi, . . . , The i^-norm, the i^-norm and 
the sup-norm of f are respectively defined as 

Il/lloo = max„|aa| , ||/||i = ^|aa| , ll/l|sup = sup^g(5i)„|/(a;)|, 

a 

where = {x £ C : \x\ = 1} denotes the unit circle of C. The Mahler measure of f 
is defined as 

m(/)= /'••• /'log|/(e2™S...,e2™")|dui...du„= / log|/|d/i" 

Jo Jo 

where denotes the Haar measure on of total mass 1. 
We list some inequalities comparing these measures. 

Lemma 2.30. Let f G C[2;i, . . . Then 

(1) log ||/|U< log Il/llsup < log ll/lli < log ||/|U + log(n + l)deg(/); 

(2) m(/)< log Il/llsup; 

(3) log||/||i <m(/)+log(n+l)deg(/); 
(4) |m(/)-log||/|U| <log(n+l)deg(/). 

Proof. 

^ Let / = J2a ^a- Cauchy's formula, for a G supp(/), 

Oia = \ ^dfl"". 
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Hence ||/||oo = maxa|aa| < supa,g(5.i)„ = ||/||sup, which gives the first inequal- 
ity. The second follows easily from the definitions while the third one follows from 

1 =El««l ^ #s^PP(/)ll/lloo < C'^'^^^^^^) ll/lloo < {n + ir^(f^ 

([2]) follows easily from the definitions, ([3]) follows from [Phi86|, Lem. 1.13] while ^ 
follows from ©, © and Q. □ 

We also list some well-known properties of the Mahler measure. Recall that a weight 
monomial order on C[x] is a partial order on the monomials of C[x] defined by a 
vector 17 G M" as tc" -< cc^ if and only if {v,a) < {v,b). 

Lemma 2.31. Let f,g eC[x]. Then 

(1) m(/5f) = m{f)+m{g). 

(2) m(/(ii^irEi, . . .,ujnXn)) = m(/) for any {uji, . . . ,u;„) e (S^)". 

(3) m{f{x{, . . .,xi)) = m(/) for any £>!. 

(4) Let -< be a weight monomial order on C[x]. Then m(init^(/)) < m(/). 
Proof. 

©) © These follow easily from the definition of the Mahler measure. 

([3]) For u S set w = {lui, . . . , iun) and observe that dwi . . . dwn = P^dui . . . dun. 
Hence, 

m{f{x')) = I log |/(e2-^-)| du^...dun = ^ I log \f{e^^n\ dw, . . . dWn 
J [0,1]" J[0/]" 

\og\f{e^^'^)\dwi...dWn = Hf{x)). 

[0,1]" 

dl]) Let V G ]R" be a vector defining -<. The exponents of the monomials of / which 
are minimal with respect to -< are the vectors in supp(/) lying in the maximal face F 
of the Newton polytope of / which has v as an inner exterior normal. Hence, init^(/) 
is the face polynomial corresponding to F, that is, the sum of the terms in / whose 
exponent lies in that face. The result then follows from the fact that the Mahler 
measure of a polynomial is bounded below by the Mahler measure of any of its face 
polynomials, see for instance [SmySlj . □ 

We collect in the following lemma some further inequalities comparing the measures 
of polynomials depending on groups of variables. 

Lemma 2.32. Let f G C[y;^, . . . , y„] he a polynomial in m groups of ni variables 
each. Then 

(1) log||/||sup<log||/||i<log||/||oo + E:^ilog(^* + l)degy,(/); 

(2) I m(/) - log I l/IU I < TZi logK + 1) deg^^(/). 

Proof, (dl) can be proved in the same way as the third inequality in Lemma |2.30I |T]). 
while ([2]) follows from [KPSOll Lem. 1.1]. □ 

For multihomogeneous polynomials, we will also need the following variant of the 
Mahler measure, introduced and studied by Philippon in |Phi91] . 
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Definition 2.33. Let / G C[ Xi, . . . ,Xjji\ be a multihomogeneous polynomial in ni 
groups of Tij + 1 variables each. The Philippon measure of f is defined as 

ph(/)= / log\f\dfii . . .df,m + Y.(j2^) deg^^if), 

where S'2"i+i = {x E C"*"*"^ : |xoP H h ja^nj^ = 1} denotes the unit sphere of C"'+^ 

and fj,i the Borel measure on 5'^"*"''^ of total mass 1, invariant under the action of the 
unitary group. 

The Philippon measure is related to the Mahler measure by the inequalities 

m 

(2.34) 0<ph(/)-m(/) <^logK + l)deg,^(/), 

1=1 

which follow from |Lel941 Thm. 4]. In particular, 

■m 

(2.35) ph(/) <log||/||sup + 5]log(n, + l)deg,^(/). 

1=1 

Definition 2.36. Let / G . . . ,Xn]- The height of f is defined as h(/) = log ||/||oo 
if / 7^ and as otherwise. 

The following lemma estimates the behavior of the height of polynomials with respect 
to the arithmetic operations and composition. Its proof follows directly from the 
definitions. 

Lemma 2.37. Lei /i, . . . , G . . . , Then 

(1) h(E,/i) <max,h(/,) + log(s); 
(2) h(n, f,) < Hfi) + E -=2 log I l/illi < Hh) + log(n + 1) E -=2 deg(/.). 
(3) Let g G C[yi, . . . ,ys] and write d = maxjdeg(/i) and h = maxjh(/j). Then 
Hgifi, ■■■Js))< Hg) + deg{g){h + log(s + 1) + dlog(n + 1)). 

2.3. Canonical mixed heights of cycles over Q. The projective space P" = P"(Q) 
has a standard structure of toric variety with torus 

(F«)° :=F«\y(xo•••x„)~(Q^)^ 

The action of this torus on P" writes down as u • a; = {uqXq : • • • : UnXn) for it = {uq : 
• • • : u„) G (P")° and x = (xq : • • • : x^) G P". This toric structure on P" allows to 
define a notion of canonical height for its subvarieties [BPSllj . Following David and 
Philippon, this height can be defined by a limit process d la Tate |DP99j . In precise 
terms, for £ > 1, consider the i-power map 

Let y C P"" be an irreducible subvariety and let h denote the Fubini-Study height of 
projective varieties |Phi951 rKPSOlj . The canonical (or normalized) height of V can 
be defined as 

(2.38) £(y)=deg(F)li;„^«_. 

Both h and h extend to cycles by linearity. Alternatively, the canonical height can be 
defined using Arakelov geometry, as the height of V with respect to canonical metric 
on the universal line bundle 0{1), see for instance [MaiOOl (BPSllj . 
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We collect in the proposition below some of the basic properties of this notion. For a 
cycle X of P*^, we denote by its direct image under the map [I]. We denote by 

Hoc the subgroup of of roots of unity and by /x^ the subgroup of ^-roots. A variety 
is called a torsion subvariety of P" if it is the closure of the orbit of the action of a 
subtorus of (P")° over a point with coordinates in {0} U Hoo' 

Proposition 2.39. 

(1) Let X £ Zr{r). Then h{X) = lim^^^oo ^"'""^ h([^]*X). 

(2) Let X G Z^(P") and I G Z>o. Then deg([^]*X) = rdeg(X) and h([^]*X) = 
r+^h(X). 

(3) If X is an effective cycle, then h(X) > 0. 

(4) If X is a sum of torsion subvarieties, then h.{X) = 0. In particular, h(P"') = 0. 

(5) Let X G Z+(P"). Then |h(X) - h{X)\ < | (r + 1) log(n + 1) deg(X). 

(6) Let ^ G P" &e a point with rational coordinates and write = {£,0 '■ ■ ■ ■ '■ £,n) for 
some coprime S^i G Then h(^) = log(maxj|^j|). 

(7) Let D G Div'*"(PQ) and fn G Z[a;] its primitive defining polynomial. Then 

h{D)=m{fD). 

Proof. 

([T][2]) By linearity, we reduce to the case of an irreducible variety V. We can assume 
that V n (P"")" 7^ 0, otherwise we restrict to a sufficiently small standard subspace of 
P", that is, a linear subspace defined by a subset of the coordinates Xj. 
For shorthand, let [£] denote also the restriction of the ^-power map to the torus (P")°. 
This is a group homomorphism with kernel ker[^] ~ /x". Let stab(y) = {it G (P")° : 
u-V = V} he the stabilizer of V. On the one hand, by |DP991 Prop. 2.1(i)], 

■"'«'M'^'= #(stab(y)nkerM) "'"^'"''' 
On the other hand, for a generic point x £V, 

deg([^]|^^) = #{y G V : [l]y = [£]x} = G ker[^] : cj a; G = #(stab(y)nker[£]). 
Therefore, deg([^]*V) = deg([£]|^^) deg([^]y) = rdeg(F). Furthermore, 

Finally 

m.V) = hm MiMW ^ ^.+1 j.^^ = r+ih(F). 

([3]) This is a direct consequence of the definition of h and the analogous property for 
the Fubini-Study height. 

(HHZD These follow from |DP99l Prop. 2.1 and display (2)]. □ 

In the sequel, we extend the notion of canonical height to the multiprojective setting 
and study its behavior under geometric constructions. Our approach relies on the 
analogous theory for the Fubini-Study mixed height developed by Remond in [RemOlal 
IRemOlb] . For simplicity, we will restrict to subvarieties of P" defined over Q or 
equivalently, to Q- varieties in Pq, see Remark 11.11 We will apply the resultant theory 
in ^for the case when A = 'L. In particular, the resultant of an irreducible Q- variety 
is a primitive polynomial in 
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Definition 2.40 ( |Rem01b| §2.3]). Let V cF^he an irreducible Q- variety of dimen- 
sion r, c G ^^^i and e(c) as defined in ()1.43p . The Fuhini- Study (mixed) height of V 
of index c is defined as 

he(F)=ph(ReSe(e)(^)). 

This definition extends by linearity to cycles in ^^(Pq). 

Next, we introduce morphisms relating different multiprojective spaces. 

Definition 2.41. Let 6i E Z>o and set Ni = The Veronese embedding and 

the modified Veronese embedding of index 6i are the embeddings vs^ , vs^ : P""' p^^-i 
respectively defined for Xi G P"* as 



For 5 = ((5i, . . . , 5m) e (Z>o)"', we set vs = vg-^ x ■ ■ ■ x vs^ and vs = vs^ x ■ ■ ■ x vs^ for 
the Veronese embedding and the modified Veronese embedding of index S, respectively. 
These are embeddings of P" into P-^-^, where N = {Ni,..., Nm) and 1 = (1, ... , 1). 
Consider the Segre embedding s : p-'^"! <^ pA^i - A^m-i defined as s{yi, . . . ,ym) = 
• • • ym,j,n) i<j^<N^ for Vi £ P^'"-^. The composed maps s o vs, s o vs ■ ^'^ ' — > 
■pNi---Nm-i g^j,g called the Segre-Veronese embedding and the modified Segre-Veronese 
embedding of index S, respectively. 

Let S = {di, ... ,5m) £ (Z>o)"^. For each i, consider the diagonal endomorphism 
Ai : P^'-i 4 P^»-i defined as 

/ / 1/2 
Ai((yi,aJaJ = ((') yi,a 

Consider also the diagonal endomorphism A : p^i '^™.-i — ). p^i- -^m-i defined as 
(2.42) A((y„)„)=ffM'^'...p™V^\, 



^ aij \a„^^ 

These linear maps allow to write the modified Veronese and the modified Segre- 
Veronese embeddings in terms of the Veronese and Segre-Veronese embeddings as 

(2.43) vs.=AiOvs^ , sovs = Ao sovs. 

The degree and the Fubini-Study height of the direct image of a cycle X S ^^(Pq) 
under the Segre-Veronese and the modified Segre-Veronese embeddings decompose in 
terms of mixed degrees and Fubini-Study mixed heights of X. 

Proposition 2.44. Let X G Z,.(P^) and d G (Z>o)'". Then 

deg{{sovs).X) = Q degf,{X)S^ , h{{sovs).X) = J] ('^^j)h,{X)6'^. 

Proof. This follows from [RemOlb] p. 103]. □ 
Let i £ Z>o. The l-power map of¥'^ is defined as 



HEIGHTS OF VARIETIES AND ARITHMETIC NULLSTELLENSATZE 41 

Proposition-Definition 2.45. Let X G ^^(Pq) and c G NJ!^]^. Then the sequence 
{i~'^^^h.c{[i]*X))£>i converges for £ — )• oo. The limit 

K{X) := lim e-'''^h^{[e]^X) 
is called the canonical (mixed) height of X of index c. For any S G (Z>o)'" it holds 

(2.46) h{{sovs%X)= J2 (''^^)hc(X)r. 

In particular, for a projective cycle X G Zri^Q) we have that hr+i{X) = h.{X). 
Proof. Proposition 12.441 applied to the cycle [£]i:X implies that 

(2.47) h{{sovs)M*X)= ('^^^)hc(M*^)^'- 

Let / C (Z>o)™ be a subset of cardinality #(N^]^) such that the square matrix 
(Cc^) ^'^)cgN'" <5g/ maximal rank. Inverting this matrix, we can write the 

mixed heights in the formula above in terms of heights of projective cycles as 

(2.48) hMX) = Y,^c,sH{sovsUi]*X). 

sei 

with i^cS £ Q not depending on i. Observe that 

(s ovs o [i])*X = A^{s o vs o [£])^X, 

where A denotes the linear map in (|2.42p . By [KPSOll Lem. 2.7] applied to the 
projective cycle {sovgo [i])^X, the map A and its inverse, there exists K{m, r,S) > 
such that the quantity |h((s o t;^)^,[^]^X) — h((s o -y5)*[^]*X)| is bounded above by 

K{m,r,S) log (^^' + degiiso vsUi]*X). 

We have that [i] commutes with s o vs- By Proposition I2.39l ![2]l . 

deg((s o vs)S]*X) = deg{[eUs o vs),X) = t deg((s o V5),X). 
We deduce h((s o vs)^[l]^X) = h([^]*(s o vs)^X) + 0{r). Therefore, for each 5 el, 

lim r'^-^\ii{sovs)^[l\^X) = lim r''-^\ii[t]^{sovs)*X) = h((s o t;^),^) . 

This proves that the sequence (£~''"^hc([£]*X))£>i converges for i — )• oo, since it is a 
linear combination of convergent sequences as shown in (|2.48p . The formula (j2.46p 
follows from (j2.47p by passing to the limit for ^ — >• oo. The last statement is this 
formula applied to X G ^.^(Pq,) and 5 = 1. □ 

Remark 2.49. The definition of canonical mixed heights in |PS081 Formula (1.3)] 
is different from the one presented here. Nevertheless, both notions coincide as they 
both satisfy (|2.46p . These mixed heights can be alternatively defined using Arakelov 
geometry, as explained at the end of |PS081 §1], and they correspond to the canonical 
mixed heights induced by the toric structure of P^, see |BPS11| . 
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Definition 2.50. Let r] be an indeterminate. The extended Chow ring of ¥q is the 
graded ring 

where 9i denotes the class in yl*(PQ) of the inverse image of a hyperplane of Pq under 
the projection Pq — )• P^. For short, we alternatively denote this ring as A*(P"';Z). 
To a cycle X E Z,.(Pq) we associate an element of this ring, defined as 

[X]^= heW??^r"'' •••C™"''" + Yl deg5(X)0j^i-''i •••C'"-^"'. 

It is a homogeneous element of degree \n\ — r. 

There is an inclusion i : A*{F^) ^ A*(P^;Z) which satisfies [X]^ = i{[X]) (mod r?). 
In particular, the class of a cycle in the Chow ring is determined by its class in the 
extended Chow ring. 

For X £ Zr{F^), Theorem [235112]) shows that hciX) = for every c such that q > 
for some i. Hence [X]^ contains the information of all mixed degrees and heights, 
since {0", r? 0''}a<n is a basis of A*(P";Z). 

Next proposition extends the first properties of the canonical height in Proposition r2.39l 
to the multiprojective setting. The space P"' is a toric variety with torus 

m 

(P")° = JJ(P"0° - (Q'')''''. 

i=l 

A variety V is called a torsion subvariety of P"' if it is the closure of the orbit of the 
action of a subtorus of (P"')° over a point with coordinates in {O} U /^oo- 

Proposition 2.51. 

(1) Let X G Zr(r^) and £ > 1. Then degf,([£]*X) = rdegf,(X) and Tia{[i]*X) = 
r+^K{X) for all b G and c G N^i^^^. 

(2) Let X G Z+{¥^). Then [X]^ > 0. In particular, hdX) > for all c G N'fl^. 

(3) If X is a linear combination of torsion subvarieties, then [X]^ = i{[X]) or 
equivalently, h.c{X) = for all c G NJ!!)_;^. In particular, [Pq]^ = 1- 

(4) Let X G Z+{¥^). Then there exists K{r, m) > such that for all c G N;!!^i, 

\K{X)-K{X)\ < K(r,m)log(|n| + l) ^ deg^{X). 

Proof 

([T]) Recall that [£] commutes with sovs- Hence, propositions 12.441 and [XH^t p]) imply 
that 

r Y (b) deg,iX)S'' = rdeg{{sovshX) 

= deg {{s o vsUi],X) = Y (jdegm,X)S 

Since this holds for aU S G (Z>o)"', we deduce that degi,i[e]^X) = r deg^iX). The 
statement for the height follows analogously by using (|2.46p and Proposition [23312]) • 
([2]) The non-negativity of the canonical mixed heights is a consequence of the non- 
negativity of the Fubini-Study mixed heights. The latter follows from the estimates 



b 
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in (|2.34|) and the non-negativity of the Mahler measure of a polynomial with integer 
coefficients. Hence, hf.{X) > for all c G N^^i- The rest of the statement follows 
from this together with Proposition ILlOt fT]) . 

([3]) It suffices to prove this statement for a torsion subvariety V of P"'. Given S € 
(Z>o)™, Proposition 12. 39l |^ implies that ]i{{sovs)*X) = since the image of V under 
a Segre- Veronese embedding is a torsion subvariety of a projective space. Therefore, 
the right-hand side of ()2.46p is equal to for all d, which implies that all its coefficients 
are 0. Hence all canonical mixed heights of V are 0, as stated. 

dH) By ([2:16]) and Proposition [2331 for each 6 G (Z>o)™, 

h{isovs),X) -msovs)*X) = (j^j) {MX)-h,{X))S''. 

cgn;"_^^ V c / 

As in the proof of Proposition-Definition [2.451 we pick a subset / C (Z>o)™ of cardi- 
nality #(N^_^_i) such that the square matrix M/ := ((^^^) Sei °^ maximal 
rank. Inverting this matrix, we obtain for each c 

(2.52) K{X) - he(X) = ^c,6 o vs),X) - h((s o vs),X)) 

del 

with Uc,s G Q- Using ([ZiSjl . |KPS01l Lem. 2.7], Proposition [233] and the inequality 
log ( UaLi i^'n^")) < 1^1 log(|n| 1), we get that there exists Ki{r, m,S)>0 such that 

\h{{s ovs)>,X) -h.[{s o vs)*X)\ < Ki{r,m,6) log{\n\ + 1) ^ deg5(X). 

By propositions I2.39l| 5]) and [2331 there exists K2{r,m,S) > such that 

|h((s o vs),X) - h((s o vs),X) I < K2{r, m, S) log(|n| + 1) degb(X). 

Therefore, setting K^i^r, m, S) = Ki(r, m, S) + K2{r, m, S), we get 

\h.{{sovs)*X) -h.{{sovs)*X)\< K3{r,m,d)log{\n\ + l) ^ degf,(X). 

Observe that the matrix M/ does not depend on n. Using (|2.52p . we deduce that 
there exists K{r, m) such that 

\K{X) - he(X)| < K{r,m) log(|n| + 1) deg5(X) 

5gN™ 

for all c G NJ?!^!, as stated. □ 

The following proposition describes the mixed heights and classes of points and divi- 
sors, extending Proposition I2.39l| 6l[7|l to the multiprojective setting. 

Proposition 2.53. 

(1) Let $, = (^1, . . . , ^m.) G ^ point with coordinates in Q and for each 

1 < i < m write = for coprime G Z. Then 

m 

1=1 

In particular, hg. (^) = h(^j). 
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(2) Let D G Div^(PQ) and fo G ^[^c] its primitive defining polynomial. Then 

m 

p], =m(/z))77 + ^deg,^(/,3)^^. 

i=l 

In particular, \in{D) = ^{fo)- 
We need the following lemma. 

Lemma 2.54. Let H be an irreducible Q-hypersurface o/Pq which is not a standard 
hyperplane and i > 1. Then 

Proof. Let stab(i?) = {u e (P'^)° : u ■ H = H} he the stabilizer of V. Then 

the union being over a set of representatives of ker[£]/(stab(i?) nker[^]). As in the 
proof of Proposition ESHHIIE]), we can show that deg([^]|^) = #(stab(F) n ker[^]). 
Hence, 

mi].H = deg{[e]\^)[£]-'[e]H= u-H. 

tJGkcr[£] 

This implies that the primitive polynomial defining this divisor satisfies 

f[iY[i\,H = A W fui^ ■ x) 

with A G Q^. It only remains to prove that A = ±1. Let K be the ^-th cyclotomic 
field, so that fni^ • x) G K[x] for all u G ker[£]. Let p G Z be a prime number and v 
a valuation of K extending ordp. By Gauss Lemma, 

ordp(^PJ///(cj • a;)^ = ^t;(/i^(cj ■ x)) = 

since fn is primitive and v{u) = for all u G ker[£]. This implies that ordp(A) = 
for all p and A = ±1 as desired. □ 

Proof of Proposition \2.53l 

^ It is enough to prove that hg. (^) = h(^j). We have that = hence 

ReSei([^]*^) = AiLj(^f), where Lj is the general linear form of multidegree Cj and 
Aj G Q^, thanks to Corollarv 11.381 Since Resei(^) and Li{$,j) are primitive polyno- 
mials, we deduce that Aj = ±1. Applying Definition 12.401 the estimates in ()2.34p and 
Lemma l2.30l| ^. we obtain 

l-^ KM*^) = Ph(i^(d)) = log(max,|6,,|) + 0{r^). 
The statement follows by letting ^ — t- oo. 
Q By Proposition [Unilll), 

m 

1=1 

Thus, we only have to prove that \\n{D) = m{f£i). We reduce without loss of generality 
to the case of an irreducible hypersuface H. If if is a standard hyperplane of PJj, then 
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Ih = Xij for some Hence hn{H) = = m{xij), and the statement is true in this 
case. 

We can then suppose that H is an irreducible Q-hypersurface which is not a standard 
hyperplane. Let £ > 1. By definition, f[i]*[e]^H = f[e]t.H{x^)- Applying successively 
Lemma l2.31l |H|). Lemma 12.541 and Lemma l2.31t p|). we get 

m(/[,]^^) = m(/[,]^^(^^)) = ^^Uh{^ ■ x)) = i^^Uifn). 

By IRemOlb) Thm. 3.4], the estimates in (f23i]l and Proposition [23IJ(I]), 

m rii — lj 

\.r.m*H) = vKhiVH) + E ( E E ^) deg^-e.(M*i^) = MM,h) + 0(^1"!-^). 

1=1 j=l 1=1 

Therefore, h„([£]*if) = mifn) + 0{£-^). We conclude that hr,{H) = mifn) by 
letting ^ — 7- oo. □ 

The following result gives the behavior of mixed degrees and heights with respect to 
Veronese embeddings. 

Proposition 2.55. For d € (Z>o)"* let vs be the Veronese embedding of index d, 
X £ Zr{F^), b G N;" andc£ N™ i- Then 

degh{{vs)*X) = S'' degkiX) , K{(vs),X) = S'^KiX). 

Proof. It is enough to prove the statement for an irreducible Q-variety V. Set Ni = 
for 1 < i < m, AT = (iVi, . . . , iV„,) and 1 = (1, . . . , 1) G N". The embedding 
Vs induces an isomorphism of multigraded algebras 

QK-']/I{vs{V))= {Q[F^-']/I{vs{V)))^^ {QK]/I{V))^^^^^_^^^^y 

Hence, the Hilbert- Samuel functions of V and of ^^(V^) satisfy H^,^(y^{di., . . . ,dm) = 
Hv{Sidi, . . . ,6mdm) for all d. Comparing the coefficient of the monomial cfi in the 
corresponding Hilbert polynomials and using that vs is a map of degree 1, it follows 
that degf,{{vs),V) = degMV)) = S'^degf^iV). 

Concerning the height, consider the embeddings 
where iV/ = C^''^;+"') and Mi = C^'^^\"^). For Xi G 

Observe that the monomials appearing in the image of both maps are the same. This 
implies that there are linear maps Ai : P^^-i — > p^i-i and Bi : F^i~^ — ^ pA^i-i g^ch 
that Ai o Vdi o = VdiSi and Vd^ o v^. = BiO Vd^s^ ■ In turn, this implies that there exist 
linear maps A : p^^i-^^™-i ^ fK-^L-^ and B : P^l -^m-i ^ pMi-M^-i ^^^^ ^^^^^ 

A o S o Vd o vs = S o VdS , S o Vd o vs = B o S o VdS- 

Let i > 1. We apply jKPSOU Lem. 2.7] to compare the Fubini-Study height of the 
image of the cycle [i]^:V under the maps sovds and sovdovs- Using also propositions 
12.441 and 12. 51I| T]). we obtain that there exists ^(n, d,S) > such that 

(2.56) \Hsovdsm*V))-HsovdOVs{[i],V))\ < K{n,d,S)Y,degi,m*V) = 0{e'). 

b 
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The map [I] commutes with vs, va, vas and s. Hence, sovds{['^]*V) = [£\*soVfisiV) and 
sovdOVs{[i]*V) = [i]*sovdOVs{V). From (j2.56|) . we deduce that h([£]*sot;^ot;5(T/)) = 
h(M*s o VdsiV)) + 0{F). Therefore, 

h(s o vd o vs{V)) = Mm r'''^h{[e]^s o vd o vs{V)) 

= lim r^-^iiiU o Vds{V)) = his o VdsiV)). 

>-oo 

Hence, Proposition 12.441 imphes that 

^MV)) d"" = Hs o Vd o vs{V)) 

As this hold for all d G N™, it follows that hc{vs{V)) = d^'KiV), as stated. □ 

The following result is the arithmetic analogue of Bezout's theorem for multiprojective 
Q-cycles. It contains Theorem 10.31 in the introduction. Given a multihomogeneous 
polynomial / G ^[tci, . . . , Xm], we consider the element in the extended Chow ring 

m 

(2.57) [/]snp = log||/||supr? + 5^deg,^(/)^, G A*{F^;Z). 

i=l 

Observe that [div(/)]2 < [/]sup- 

Theorem 2.58. Let X G ^.^(Pq) and f G Z[xi, . . . ,Xm] a multihomogeneous polyno- 
mial such that X and div(/) intersect properly. 

(1) If X is effective, then for any h G N™, 

m 

h5(X-div(/))<5^deg,^(/)h6+e,W+log||/||supdeg,(X). 

i=l 

(2) hc(X) = for any c G such that Ci > rn for some i. 

(3) IfX is effective, then [X ■ div(/)], < [X], • [fU^. 

Proof. 

([1]) We reduce without loss of generality to the case of an irreducible Q-variety 
V. Let ^ > 1 and set G (Z>o)'". Consider the Veronese embed- 

ding W£ : ^ P^-i where AT = |;"') , • • • , (^^"0) ' ^ = (!'•••' 1) ^ N™. Set 
d= (di, . . . , dm) = deg(/). We have that G Q[P"']£d and so there is a unique poly- 
nomial G Q[P^^^]d such that div(F^) = div(/^) = £div(/). Then, the projection 
formula (jl.6p implies that 

(2.59) {v^),V • diY{F^) = l{vi),{V • d\w{f)). 

Set ll-P'IL^(v) = supgg^^(y) ||g^||Jf'.|fgj|d^ ^ where || • || is the Euclidean norm. We 
apply the arithmetic Bezout's theorem for the Fubini-Study mixed height ( |Rem01bl 
Thm. 3.4 and Cor. 3.6]) to the variety Zi := V£{V) = {v£)^V and the divisor div(F^) 
and we obtain 

m 

K{Ze■dW{Fe))<Y,d^K+eAZi) + deg^,{Ze) log (||F,||„^(^,). 

i=l 
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Applying Proposition l2.511 |^ to and to Z^-div(i<)) together with the multiprojective 
Bezout's theorem I I.IH it follows that there exist K{r,m,d) > such that 



(2.60) MZe ■ div(F,)) < J^diH+e^iZi) + degf,(Z,) log(||F,||„^,^,) 

i=l 

+ Kir, m, d) \og{\N - 1| + 1) ^ deg5(Z^). 

6 

By Proposition deg5(Z^) = T degf,(y) and H+eA^i) = r+^hfe+e,!^)- The 

same result together with (|2.59|) also implies that 

h6(Z, • div(F,)) = Mivt,.{V ■ div(/))) = r+'hb{V ■ div(/)). 
We have that 

II FN -sun 



1/^(^)1 
lli=l ™aXjF«jl 

where O = {z £ C : \z\ < 1} is the unit disk. Hence, logdlF^H^^^^^) < i log||/||sup 
because of the maximum modulus principle applied to /. Besides, log (| AT — 1| + 1) = 
0(log(^)) and we deduce from (j2.60p that 

h,(y • div(/)) < f^dSb+eSy) + deg„(F) log ll/llsup + 0(^^^^ 
1=1 

The result follows by letting £ — t- oo. 

([2]) This follows by adapting the proof of Theorem I2.18l |2|) to this setting without 
major changes. 

([3]) This is an immediate consequence of ([1]) and ([2]), together with Theorem 11.111 and 
Proposition frniD . □ 

The following results can be proved by adapting the arguments in the proofs of corol- 
laries [2T9] and [220] without major changes. 

Corollary 2.61. Let V cFq be a Q-variety of pure dimension r and f € Z[xi, . . . , Xm] 
a multihomogeneous polynomial. Let W denote the union of the components of dimen- 
sion r — 1 of the intersection V n V{f). Then 

< [V], ■ [vif)Up. 

In particular, h^iW) < Erii deg,. (/) h6+e,(V^) + log | |/||sup degf,(y) for all 6 G N™. 

Corollary 2.62. Let n G Z>o, X G Z+(Pq) and fj G Z[xo, . . . ,Xn] be s < r homo- 
geneous polynomials such that X ■ nj=idiv(/j) and div(/i) intersect properly for all 
l<i<s. Then 

log 1 1 /<; 1 1 sup 



h(x.ndiv(/,)) < (ndeg(/.))(hW + deg(X)(^ 



,=1 ^=l i=i 

Remark 2.63. Theorem 12.581 is one of the main reasons for considering canonical 
mixed heights instead of others. For instance, the fact that the canonical mixed 
heights of index c such that Cj > for some i are zero is quite convenient in the 
applications. Observe that the analogue of this statement for the Fubini-Study mixed 
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heights does not hold: for instance, h„^_i(P") equals the n-th Stoll number, which 
is not zero. This fact implies that the class in A*{¥q;Ij) of a cycle X contains the 
information about all canonical mixed heights of X. This information is necessary if 
one wants to express the arithmetic Bezout's inequality in Theorem I2.58I |T|) in terms 
of elements in the extended Chow ring. 

We next show that canonical mixed heights are monotonic with respect to linear 
projections. We keep the notation from Proposition ! 1 . 1 6l and consider also the injective 
R-linear map j : ^*(P'; Z) ^ A*(P'^; Z) defined by j{P) = 

Proposition 2.64. Let vr : Pq — )■ Pq be the standard projection defined in (jl.lSp and 
X G Z+(P^). Then 

j{[n,X],) < [X],. 
In particular, hc(vr^,X) < h.c{X) for all c G NJ!^]^. 

Proof. The statement is equivalent to degf,(7r*X) < deg5(X) and hc(7r^,X) < lic{X) 
for all b, c. Because of Proposition \1.16\ we only need to prove the latter inequality. 
Let £ > 1. By Proposition ll.41| ReSe(c)(7r*[^]*X) divides init^(ReSe(c)([^]*^)) in Z[ii]. 
Using the fact that the Mahler measure of a polynomial with integers coefficients is 
> and Lemma l2.31l| l|). we deduce that 

m(ReSe(c)(7r*M*X)) < m(init^(ReSe(c)(M*^))) < m(ReSe(c)(M*^)) ■ 
From the estimates in (j2.34p and Proposition 12. SlT fTj). it follows that 

he(^.M*X)) = ph(ReSe(c)(^*M*^)) = m(ReSe(c)(^*M*^)) + 
K{[i],X)) = ph(ReSe(e)(M*X)) = m(ReSe(e)(M*X)) + 0{r). 

Since vr commutes with [i], 

K,(,.(x)) = lin, M^iiW) = MtIM) < MM) = 

which completes the proof. □ 

Example 2.65. We revisit the problem in Example 11.131 of computing the pairs 
(eigenvalue, eigenvector) for the case of a matrix M with entries in Z. We use the 
notations therein and furthermore we set Z = Y[7=i'^^'^ifi) ^ ^oC^^ ^ P"'~^;Q). By 
CoroUaryESSl 



/ 1 yjsup- 

1=1 



We have that [Z]^ = \i,o){Z) rj 6^'^ + h(o,i)(Z) r] 6i e^~^ + deg(Z) Oi 9'^^^ and that 
[div(/j)]sup = log ||/i||sup + ^1 + 02- By comparing coefficients, it follows that 

sup , ^(0,1) (Z) < (n- l)^log||/i||sup , deg(Z)<n. 

i i 

Let TTi and tt2 denote the projections from P^ x p"~i to the first and the second factor, 
respectively. We have that 



Zi := (7ri),Z G Zo+(pi ) , Z2 := {tt2).Z G Z, 



+ (m,n~l\ 
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are the cycles of eigenvalues and of eigenvectors of M, respectively. Applying Propo- 
sition I2.64t we deduce that the heights of these cycles satisfy 

h(Zi) < ^logll/illsup , h(Z2) < (n-1) ^log||/,||,up. 

i i 

A straightforward application of the arithmetic Bezout inequality for projective cycles 
(CoroUarv I2.62p would have given the much worse bound 2""-*^ Si log ll/j||sup- 

Next result gives the behavior of extended Chow rings and classes with respect to 
products. 

Proposition 2.66. Let mi G Z>o and rii G N™' for i = 1,2. Then 

(2) Let Xi G ^^.(Pq') for i = 1,2. The above isomorphism identifies [Xi x X2]^ 
with [Xi]^<Si[X2]2. In particular, for Ci G N™' such that |ci| + |c2| = ri+r2 + l, 



degc^(Xi)hc2(X2) if\ci\=ri,\c2\=r2 + l, 
degc2(X2)hci(Xi) if \ci\ = n + 1, \C2\ = r2, 
otherwise. 



Proof. 

^ This is immediate from the definition of the extended Chow ring. 

([2]) Consider the case when |ci| = ri + 1, \c2\ = r2. By propositions 11.45] and [23l1 |' 

he(M.(Xi X X2)) = ph(ReSe(c)(M*Xl X [^J.Xs)) 

= ph(Res,(,,)(M,Xi)'i°s.2(M.^2)) ^^r2 deg,,(X2)he,(M.Xi). 



Hence, 



he(Xi X X2) = lim i-'^-'-'-'h,{[£UXi X X2)) 
£^00 

= deg,^{X2) lim r'-^-'K,{[£],Xi) = K,{Xi) deg,^{X2). 

The other cases can be proved similarly. The equality of classes in the extended Chow 
ring follows from this together with Proposition 11.191 □ 

Finally, we compute the class in the extended Chow ring of the ruled join of two 
projective varieties. For i = 1,2 consider the injective M-linear map ji : j4*(P"';Z) 
^*(pni+n2+i. 2) defined by d^r]'' ^ O^rf' for < / < and 6 = 0, 1. 

Proposition 2.67. Let G N and Xi G ^r,(IPQ ) for i = 1,2. Then 

[Xi#X2L=Jl([Xi]J.j2([X2]J. 

In particular, h{Xi#X2) = deg(Xi) h(X2) + deg(X2) h(Xi). 

Proof. The equality of classes is equivalent to deg(Xi#X2) = deg(Xi) deg(X2) and 
h{Xi #X2) = deg(Xi)h(X2) + deg(X2)h(Xi). The first one is (fOOD while the second 
one is [PHMl Prop. 4.9(a)]. □ 
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3. The height of the implicit equation 

As an application of the results in the previous sections, we obtain sharp bounds for 
the exponents and the coefficients of an equation defining the closure of the image of 
an affine variety under a rational map. We consider separately the cases K a field of 
functions and K = Besides of their intrinsic interest, these results play a central 
role in our treatment of the parametric and arithmetic Nullstellensatze. 

In the sequel, we will be mostly concerned with affine varieties instead of multipro- 
jective cycles. Given n G N"^, we identify the affine space 

:= A^} X---X A^™ 

with the dense open subset \ ^(xi^Oi • • • > Xm,o)- This identification allows to trans- 
fer notions and results from to A^. For instance, subvarieties, cycles and divisors 
of correspond to the restriction of subvarieties, cycles and divisors of to this 
open subset. Thus, we can consider their mixed degrees and heights, which will corre- 
spond to the analogous notions for their closure in the corresponding multiprojective 
space. In particular, the degree and the height of a subvariety of are respectively 
defined as the degree and the height of its closure in P^. 

For n E N, the set of X-varieties of A^ is in one-to-one correspondence with the set of 
radical ideals of K[xi, . . . ,Xn]. For an affine i^T-variety V C A^, we denote by V{K) 
the set of closed points of V-^. It can be identified with the subset of defined by 
I{V)- A polynomial relation is said to hold on V if it holds for every point of V{K). 
Since Q is a perfect field, a Q-variety of Aq can be identified with a subvariety of 
A"(Q) defined over Q, see Remark 1 1.11 

3.1. The function field case. Let k be an arbitrary field and consider the groups of 
variables t = {ti, . . . ,tp} and x = {xi, . . . The following result is a parametric 

analogue of Perron's theorem on the size of an equation of algebraic dependence for 
r + l polynomials over a variety of dimension r. 

Theorem 3.1. Let V C A" be a k{t)-variety of pure dimension r and qi, ■ ■ ■ ,qr+i 

k{t) 

G k[t,x\ \ k[i\. Set dj = deg^{qj), hj = degf{qj) for I < j < r + 1 and write 
d= (di, . . . , dr+i), h = {hi, . . . , hr+i). Then there exists 

E= G /c[t][yi,...,y,+i]\{0} 

satisfying E{qi, . . . , qr+i) = on V and such that, for all a £ supp(£'), 

r+l 

. {d,a) < (n^j) deg(^), 

r+l r+l , 

. deg(a„) + (h, a) < ( n dj) (h(F) + deg{V) . 

Our proof below follows Jelonek's approach in |Jel051 Thm. 3.3] and heavily relies on 
the arithmetic intersection theory developed in the previous sections. 

Lemma 3.2. Let V C -^"(j, a k{t)-variety of pure dimension r and I G N. Then 
deg(^x4^^^)=deg(y) , h{VxA[J=h{V). 
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Proof. Consider the standard inclusions ti, i2 and of A", A'^^ and A""*"' into P*^, 
P'^-*^ and P"-+'j respectively. We can easily verify that i3{V x A') = ii(y)#/,2(A'~^). 
Applying propositions 12.241 and I2.13l |2|) , 

which implies the statement. □ 

Proof of Theorem 13. il Consider first the case when the map 

i;:V^Al+^ , x^{qi{x),...,qr+i{x)) 

is generically finite onto its image, that is, when the fiber of a generic point in lm('0) is 
finite. In our setting, this implies that lm('0) is a hypersurface. Let E G A;[t][y]\{0} be 
a primitive and squarefree polynomial defining this hypersurface. Let v,wi, . . . , Wr+i 
be a set of auxiliary variables and write 

P = E{wi + v^^yi\. . . , Wr+i + v^^+^y'^'-+^') G k[t, v][w, y]. 

Hence, 

(3.3) max„{(d, a)} = deg^ ^(P) , maxa{deg(aa) + {h, a)} = degt^„(P). 

We have that E is primitive and squarefree as a polynomial in k[t, v] [w, y]. Hence the 
same holds for P, since the map defined by yj i— )• wj + v'^^y'j^ , Wj i— )■ yj is the identity 
on and an automorphism of A;[f, 'L'][iu, ?/] which sends P to E. 

Write V{P) for the k{t, ?;)-hypersurface of A^^^+^^ defined by P. By Proposition l2.13l| i|). 

(3.4) deg^,^(P) = deg(y(P)) , deg,,,^^') = h(^(^))- 

We will bound both the degree and the height of this hypersurface. Consider the 
following subvarieties of A' 

° k(t,v) 



n+2r+2. 

k{t,v) 

r+1 r+1 



G=(yxA2^^+2)nf|y(y,-g,) , G{d,h) = {VxA^^-+^)nf]V{w,+v''^yf-q,). 
i=i i=i 



Both varieties are of pure dimension 2r + 1: indeed, each of them is defined by a set of 
r+1 polynomials which form a complete intersection over V x A^''"'"^ as they depend on 
different variables yj. Let p : A'^'^^ — )• A'^^"^ be the map defined by yj i— )■ wj + v^^y^^ 
and TT the projection A""'"^'''"'"^ ~ A" x A^'^'^^ — )• A^^'+^. We have a commutative 
diagram 



G(d, h) 




V{P) ^ V{E) 

Both G(d, h) ^ G and G — )■ V{E) are generically finite since tp is generically finite, 
and so this is also the case for vr : G{d,h) — )■ V{P). Proposition 12.221 then implies 
that 

(3.5) deg(y(P)) <deg(G(d,^)) , h(y(P)) < h(G(d, /i)). 
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Observe that degg. ^(f '^^y^-' +Wj — qj) = dj and degt y{v^^yj-' +Wj — qj) = hj. Hence, 
since G{d, h) is an open set of a component defined by the homogenization of these 
equations in p"+2r+2^ 



deg(G(d, ^)) < ( n ) ^''"'') = ( n ) 

T"-!-! T I 1 

h(G(d, ^)) < ( n '^j) (^(^ ^ ^''^') + ^ ^''^') Yl j) 

nd,)(h(y)+deg{F)x:|), 

1=1 ^ ^ £=1 



< 

thanks to Corollary 1 2 . 1 9 1 and Lemma 13.21 The statements follows from these bounds, 
together with ([331), (1331) and ([331) . 

The general case reduces to the generically finite one by a deformation argument. 
Choose variables Xj^, . . . ^Xi^^^ among those in the group x in such a way that the 
projection Y — )• PJ^^^x i— )• (xj^, . . . is generically finite onto its image. Adding 

a further variable z, we consider the map 

It is also generically finite onto its image. Thus, we are in the hypothesis of the previous 
case with respect to the base ring A;(2;)[t]. We deduce that there is a polynomial 
E = aaV"' G A;(2;)[f][y] \ {0} defining the closure of the image of this map and 
satisfying, for all a G supp(E'), 

/r+l ^ /r+l ^ . r+l , s 

{d,a) < (HdAdegiV) , deg,(5a) + (/i,a) < ( nd,- (h(V) + deg(y) J]-^ . 

After multiplying by a suitable non-zero polynomial in z, we can assume without loss 
of generality that E lies in A;[2;][t,y] and that it is primitive as a polynomial in the 
variables t, y. Set E = E{0, t, y) G k[t, y] \ {0}. We have that E{qi + z , . . . , g^+i + 
zxi^^^) G I{V) (g) k{t)[z\ and so E{q) G I{V) or, equivalently, E{q) = on F. We 
deduce that £^ = is an equation of algebraic dependence for gi, . . . , g'r+i which 
satisfies the same bounds as E. □ 

For V = A" we have r = n, deg(y) = 1 and li{V) = 0. The above result gives the 

k{t} 

bounds 

n+1 n+1 

(3.6) (d, a) < JJ dj , deg(aa) + {h,a) <Y,{ll ^j) 

j=l l=\ 

for the y-degree and the t-degree of an equation of algebraic dependence for n + 1 
polynomials in A;[t,a;] of a;-degree dj > 1 and t-degree hj. 

Example 3.7. Let di,(i2 G N be coprime integers and set qj = gjx'^^ — 1 G A;[t,x] for 
a generic univariate polynomial gj G k[t\ of degree hj, j = 1,2. The implicit equation 
of the closure of the image of 

Kt)^Kt) ' ^^iQiix),q2ix)) 

is {yi + 1)*^^ — gf^{y2 + l)'^^ = 0. The bounds p.6p are optimal in this case. 
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Theorem 13.11 can be regarded as an estimate for the Newton polytope of the equa- 
tion E: if we write E = Yla c^ci,ct^y"^ G with 'ya,c £ k, the corresponding 
Newton polytope is the convex hull 

N(^) = conv{(a, c) : -fa,c / O} C M''+^ x RP. 

Theorem 13. II is equivalent to the statement that N(£') is contained in the intersection 
of the non-negative orthant with the two half-spaces defined by the inequalities 

{d,a)< rildj]deg{V) , {l,c) + {h,a)< TjJ d Vh(y) + deg(y) J] ^] , 

where 1 = (1, . . . , 1) E W . Indeed, it can be shown that, for V = A" and generic 
polynomials qj of a;-degree dj > 1 and t-degree hj, the Newton polytope of E coincides 
with the set cut out by these inequalities. 

For instance, consider in Example 13.71 the case when ^2/11 > di/i2- Then, the New- 
ton polytope of E is the convex hull of the points (0, 0, 0), ((i2, 0, 0), ((i2, 0, (ii/12), 
(0, 0, ^2/11), (0, di, ^2/11), (0, c?!, 0), as shown in the figure: 



{0,0, dih 



(0, di,d2h 




(d2,0,0) 

'(0,di,0) 

It coincides with the subset of cut out by the inequalities (|3.6p , namely 
{(ai,a2,c) : ai,a2,c>0, diai + d2a2 < did2, c + hiai + h2a2 < dih2 + d2hi} . 



C A^, ^ and 

kit) 



Example 3.8. Consider the elliptic curve C = V{{t + l)xl + xj- X2 

the polynomials qi = xi + {t + l)x2 — l,q2 = x\X2 + — l)a^2 + * £ k\t,x\,X2\- The 
implicit equation of the closure of the image of 

C ^ -^fejt) > {xx,X2)^ — > {q\{xx,X2),q2{xx,X2)) 

is defined by a polynomial E E A;[t,yi,y2] with 138 terms. Its Newton polytope is the 
polytope conv((0, 0, 0), (6, 0, 0), (6, 0, 5), (0, 0, 11), (0, 3, 8), (0, 3, 0)) C R? : 



(0,3,8) 




(6,0,5) 



(0,3,0) 



It also coincides with the polytope cut out by the inequalities in the parametric 
Perron's theorem: we have that deg(C) = 3 and h(C) = 1 while dega,(g'i) = 1, 
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dega,('72) = 2 and degj(gj) = 1, i = 1,2. Theorem 13.11 implies the inclusion of poly- 
topes 

N(£') C {(ai, 02, c) : ai,a2,c>0, ai + 2a2 < 6, c + ai+a2<ll}, 
which turns out to be an equality. 

The following result is an upper bound for the degree and the height of the implicit 
equation of a hypersurface defined as the closure of the image of a general rational 
map. These estimates are not used in the proof of the arithmetic Nullstellensatze. 
Nevertheless, we include them because they may have some independent interest. 
Recall that a rational map p : V --^ ^^t} defined by quotients of polynomials 
whose denominators do not vanish identically on any of the components of V . It is 
generically finite onto its image if the fiber of a generic point in Im(p) is finite. In our 
setting, this implies that the closure of its image is a hypersurface. 

Theorem 3.9. Let V C ^"^^^^^ be a k{t)-variety of pure dimension r and 

'■W \pi Pr+l ) 

a rational map, generically finite onto its image, defined by polynomials qj,Pj G A;[t,a;] 
such that Qj/pj ^ k{t). Let E G k\t,y\ he a primitive and squarefree polynomial 
defining Im(V'). Set dj = max{deg^{qj),deg^{pj)} and hj = max{degt(gj), degt(pj)} 
for 1 < j < r + 1 . Then 

. degy^ (^) < ( n ^j) forl<i<r + l, 

r+l r+l , 

. deg,{E) < ( n dj) (HV) + deg{V) J] f) . 

j=i e=i 

Proof. Let [/ = F \ \JfX ^(Pj) be the dense open subset of V where '4) is defined. 
The graph of is 

{{x,y) : xeU, yjPj{x) = qj{x) for 1 < j < r + 1} C [/ x A''+^(fc(t)). 

Let G be the closure of this set in y x A^^^^^ The equations yjpj = qj intersect 

properly on U x because they depend on different variables yj. Hence, G is an 

equidimensional variety of dimension r, and the projection V x A''^^ — )• A*""^^ induces 
a generically finite map between G and V{E). 

We consider mixed degrees and heights of G and V{E) with respect to the inclusions 

V X A^'+i ^ P" X (pi)''+i , A"+i ^ (Pi)''+^ 

Set 1 = (1,...,1) G W^^ and let Cj denote the z-th vector of the standard basis 
of]R''+^ By Proposition EjSlgD, 

(3.10) deg,^(i^) = degi_,^(y(i?)) , deg,(i^) = hi(y(i^)). 
Proposition [222] applied to the projection P" x (P^)'''+i (P^)''+i implies that 

(3.11) degi_,^(y(i?))<dego,i„,,(G) , hi(y(i^)) < ho,i(G). 

Let [Gj^j^j G Z[r], Oq, 0]/(r/2, 6'o+\ , . . . , 6^.^^) be the class of G in the extended Chow 
ring of P" X (P^)''^^. Observe that G is contained in the part of dimension r of the 
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intersection 

r+l 

(FxA''+i)nf|y(y,p,- -(?,). 

i=i 

We will give an upper bound for the class of G by applying Corollary 12.191 recursively 
to the variety V x A**"*"^ and the polynomials gj = yjPj — qj for j = l,...,r + l. By 
propositions [2:231 and [2l^P , 

Hence, 

r+l r+l 

< [V X n (degt(*)^ + degj5,)eo + J] deg,^(g,)e,) 

j=i e=i 

r+l 

= (h(y)7?0«-^-i + deg(y)^o""0 U^^jV + djOo + 9,). 

i=i 

Observe that ho,i(G) and dego^i„e, (G*) are the coefficients in [G]^,^^^ of the monomi- 
als tjOq and O^Oi^ respectively. Therefore 

r+l r+l , 

dego,i_e,(G)< (n'^i)deg(l/) , ho,i(G) < ( d.) (M^) + deg(y) ^ ^ 
j^i j=i e=i ^ 

The statement follows from these estimates, together with (|3.1U|) and (|3.1ip . □ 
For V = A" , the above result gives the bounds 

k{t) 

n+1 

(3.12) degyXE)<l[dj , degt{E)<Y,{lldjye. 

jjti 1=1 j^t 

It can be shown that, for generic polynomials of a;-degree dj and t-degree hj, the New- 
ton polytope of E coincides with the subset of M''"'"^ x cut out by these inequalities. 

Example 3.13. Let di,d2 € N be coprime integers and gi G k[t] univariate polyno- 
mials of degree hi, i = 1, 2. Set 

qi _ x'^^ ^ q2 _ ix + ^ 

Pl (x + 1)^1^1 ' P2 x'^^g2 

The implicit equation of the closure of the image of the map 
Ai -.A2 , 

fe{t) fe{t) ' Vpi P2 

is given by the polynomial E = gi'^^ g2'^^ iui + l)'^Hy2 + l)*^^ — 1 G k[t,yi,y2]. Theo- 
rem 13.91 is optimal in this case, since degy^(E') = d2, degy^C-E) = di and degj(£J) = 
di/i2 + d2hi. Moreover, we can check that the Newton polytope of E coincides with 
the set cut out by the inequalities in (|3.12p . 

The previous results can be extended to polynomials depending on groups of param- 
eters. For the sequel, we will need the multiparametric version of Theorem 13.11 that 
we state below. Let t/ = {t/,i, . . . ,iz,p;} be a group of variables for 1 < / < m and 
set t = {ti, . . . ,tm}- For each I < I < m, write ki = A;(ti, . . . , f^+i, . . . , t^) 
and observe that ki{ti) = k{t). Hence, for a given projective /c(t)-variety V , we can 
consider its height with respect to the base ring ki\ti\. We denote this height YitiiV). 
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Corollary 3.14. Let V C A^^^^ he a k{t)-variety of pure dimension r and qi, . . . , qr+i £ 
k[t\[x] \ k[t] such that the map 

'4):V — > hJ'^'^ , x\ — > {qi{x),...,qr+i{x)) 

is generically finite onto its image. Let E = YlaeW+'^ cuaV"' G • • • i ?/r+i] be 

a primitive and squarefree polynomial defining lm('0). Set dj = degx{qj), hij = 

degt;((?j) for l<j<r + l, l<l<m and write d = {di, . . . ,dr+i), hi = 
{hi^i, . . . , hi^r+i)- Then, for all a G supp(£'), 

. {d,a) < CUdj] deg{V), 

^ 7 = 1 ^ 

. deg,^{aa) + {hi,a)<(]ldAUt,iV) + deg{V)Y,^) Ml 



r+1 

n.} n \ 

< I < m. 



Proof. Observe that E is primitive and squarefree as an element of The result 

then follows from Theorem 13 . 1 1 applied to the field ki and the group of variables t/. □ 

3.2. The rational case. We now turn our attention to the problem of estimating the 
size of the implicit equation for a rational map defined over Q. It will be convenient 
to consider a more general situation where the input polynomials depend on groups 
of parameters. As in the end of the previous section, we set ti = {ti^i, . . . ,ii,p;} for 
1 < I < m and t = {ti, . . . ,tm}. 

Theorem 3.15. Let V C be a Q-variety of pure dimension r and qi,. ■ ■ ,qr+i S 
\ Z[t] such that the map 

^ Km Kitt] ' ^ ^ (^i(^)' • • • ' 9r+i(a^)) 
is generically finite onto its image. Let E = X^a^j^r+i oiaV"' G . . . , y^+i] 

be a primitive and squarefree polynomial defining lm('0) Set dj = degr,^{qj), dij = 
degtiiQj), hj = h{qj) for l<j<r + l, l<l<m and write d = (di, . . . , d^+i); 
di = ((5/,i, . . . ,5i^r+i), h = {hi, . . . ,hr+i). Then, for all a £ supp(£;), 

r+1 

. {d,a) < (J]d,)deg(y), 

r+1 r+1 r- 



deg,^ (aa) + {Si,a)<^ll dj) deg{V) J] forl<l< 

j=i e=i ^ 

r+1 / / 

h(aa) + a) < ( [] d^ ( h(y) + deg(y) ( log(r + 2) 



r+1 



+ XI ^ (^^ + (#supp(%) + 2) + X] log(^'i + ) ) • 

1=1 ^ 1=1 ^ ^ 



We need the following lemma for the proof of this result. It is the analogue for Q of 
Lemma [3. 2 1 and can be proved using the same arguments and Proposition 12.67] instead 
of EM 

Lemma 3.16. Let V C Aq be a <Q-variety of pure dimension r and I G N. Then 
deg(y X A' ) = deg(y) , h(y xA' ) = h(y). 
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Proof of Theorem \3.15\ . By Proposition I2.13l|2|) , the height /if, of V^^^^ with respect to 
the base ring Q(ti, . . . , t/_i, . . . , tm)[ti\ is zero. Then, the bounds for the degrees 
are a direct consequence of CoroUarv 13.141 For the height, the proof follows closely 
the lines of that of Theorem 13.11 with Z instead of k\t\. We will avoid repeating the 
same verifications when they follow mutatis mutandis the parametric case. 

Let wi, . . . , Wr+i be a group of variables and consider the polynomial 

P = E{wi + Hiyi, . . .,Wr+i + Hr+iVr+i) G Z[t,w,y], 

with Hj = e^i G N. It verifies 

(3.17) maxa{h(aa) + {h, a)] = h(P(0, y)). 

Applying successively lemmas r2.32l|2|) and I2.31 1|^. 



h(P(0, y)) < m(P(0, y)) + degy(P(0, y)) log(r + 2) + ^ deg^, (P(0, y)) \og{pi + 1) 

1=1 

m 

(3.18) < m(P) + degy{E) log(r + 2) + ^ deg^, (E) log{pi + 1). 

1=1 

The polynomial P is primitive and squarefree. Hence, it gives a defining equation for 
the Q-hypersurface V{P) C x A^'^^, where p := {pi, . . . ,pm). Considering the 
standard inclusion of this affine space into X Pg'+^ Proposition ESail]) implies 

(3.19) m{P) = hp,2r+2{V{P)). 

Consider the variety 

r+l 

G{d, h) = {APxV X A2'-+2) n Pi V{wj + HjVj - Qj) cAPx A"+2^+2. 

i=i 

As in the proof of Theorem 13. 11 we can verify that it is of pure dimension \p\ + 2r + 1 
and that the projection A^ x A""*"^^"*"^ — )• A^ x A^*""^^ induces a generically finite map 
TT : G{d, h) — >• V{P). Considering mixed heights with respect to the standard inclusion 
AP X A"+2'-+2 PP X p"+2'^+2^ Proposition [Ml implies 

(3.20) hp^2r+2{V{P)) < V2r+2(G'(d, h)). 

The closure of A^ x F x A^'"+^ is x l{V x A^'"+^), where l denotes the standard 
inclusion A"""*"^^"*"^ p"-+2»'+2_ consider classes in the extended Chow ring 

A*{FP X P"+2^-+2; Z) = R[7], e, C]/(^?^ . . . , 9f'^\C+^''+^). 

With this notation, propositions I2.66l !j2|) and l2.51l ![3|) together with Lemma [3.16l implv 

[AP X y X A^^+\ = [AP], [y X A^'+\ = [V], = h{V)r^C~''~' + deg(y)C-^ 

Write Qj = Wj + Hji/j — qj G a;, it), y] and consider the class associated to its 
sup-norm as defined in ()2.57p : 

m m 

bilsup = \og\\gj%^pr] + ^degt^{gj)9i + deg^^^y{gj)C = \og\\gj\\^^^r] + ^5ijei + djC- 

1=1 1=1 
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The divisors defined by these polynomials intersect xV x A^'^'^^ properly. Applying 
recursively Corollarv I2.61|, 

r+l 

[G{d,h)]^ <[APxVx A'-+\ Htelsup 

r+l m 

= (hiV)vC-'-' + deg{V)C~-) n ( log I \g, \ + ^ ^^^A + djC) • 

j=i 1=1 

The mixed height hp^2r+2(G((i, h)) is the coefficient of r] Q"^ in [G{d, h)]^^. Furthermore, 
log lls'^llsup < hi+log (#supp(gf) + 2) by Lemma [2.32l| T]). The above inequality implies 

\ip,2r+2{G{d,h)) < M J_c^i J I h(y) + deg(y) 2^ J. 

The statement follows from this inequality together with (f3T7l) . (|3T8]) . (f3l9]) . ([320]), 
and the already considered bounds for the partial degrees of E. □ 

Theorem 10.41 in the introduction follows from the case m = of this result and the 
inequality #supp(g^) + 2 < (n + 3)'^^ 

Remark 3.21. Theorem lU . 41 can be regarded as a first bound for the extended Newton 
polytope of the implicit equation, defined as the convex envelope of the subset 

{(a. A) : a G supp(^), < A < h{aa)} C IR''+^ x M. 

Indeed, it would be interesting to have a better understanding of this "arithmetic" 
polytope in terms of finer invariants of the input polynomials qj like for instance their 
extended Newton polytope, instead of just their degree and height. 

Example 3.22. Let di,d2 G N and Hi, H2 G N be two pairs of coprime integers and 
set Qj = Hjx'^^ G Z[x] for j = 1,2. The implicit equation of the image of the map 

Aq — ^Aq , XI — > {qi{x),q2{x)) 

is given by the polynomial E = Hl^^yf'^ — ffj^^^g^ G Z[yi,y2]- Then, max(ai,a2){'^i'^i + 
•^202} = did2 and 

max(a,,a2){log |coeff(aj^a2)(£')| + hiai + /i2a2} = dih2 + ^2/11, 

with hj = log{Hj). Hence, the bounds in Theorem 10.41 are optimal in this example, 
up to a term of size 0(^1^2)- 

Using a deformation argument, we can extend Theorem l3.15l to the case when the map 
is not generically finite. For simplicity, we will only state this result for polynomials 
not depending on parameters. 

Corollary 3.23. Let V C Aq be a Q-variety of pure dimension r and qi, ■ ■ ■ ,qr+i £ 
7j[x] \ TL. Set dj = deg((/j) and hj = h.{qj) for 1 < j < r + 1 and write d = 
{di, . . . , dr+i), h = (hi, . . . , /ir+i). Then there exists 

E= GZ[yi,...,y,+i]\{0} 
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satisfying E{qi, . . . , Qr+i) = on V and such that, for all a £ supp(£'), 

r+1 

. {d,a) < (J]d,)deg(y), 

r+1 r+1 , 

. h(a„) + (/i, a) < ( J] d,) (h{V) + deg{V) ( ^ ^ + (r + 2) log(2n + 8)) ) . 

j=i i=\ ^ 

Proof. We will follow the arguments in the proof of Theorem 13.11 adapted to this 
situation. Choose r + 1 variables rrj^ , . . . , Xi^_^^ in the group x so that the linear 
projection V — )• A^"^, a; i-+ (xj^, . . . , is generically finite onto its image. Adding 

a further variable z, consider the map 

^Q(^) ^-^Qtl) ' > ZXi^,... ,qr+\{x) ^ ZXi^^^ , 

which is generically finite onto its image. Let E = X^aCKal/" £ "^[^Wv] be a primitive 
and squarefree polynomial defining the closure of the image of this map. The polyno- 
mials qj{x) + zxi^ have a;-degree dj, z-degree 1 and height hj. Theorem 13.151 applied 
to this case gives (d, «) < ( Wj=i dj) deg(y) and 




+ J (^^ + (#supp(g,) + 3) + log(2)) 
i=i ^ 

The polynomial E := E{0,y) G gives a non-trivial relation of algebraic de- 

pendence for the (7j's and it satisfies the same degree and height bounds as E. The 
statement then follows from the inequality i^supp{q£)+3 < (n+1)'^* +3 < . □ 

Next result gives an upper bound for the Mahler measure and a fortiori, for the height 
of the implicit equation for a rational map. 

Theorem 3.24. Let V C Aq be a Q-variety of pure dimension r and 

^ \Pl Pr+l J 

a rational map, generically finite onto its image, defined by polynomials qj,Pj G 1j[x] 
such that qj/pj ^ Q. Let E £ 7j[y] be a primitive and squarefree polynomial defin- 
ing Im(V'). Set dj = max{deg3.(gj),deg^(pj)} and hj = log(||gj||i + \\pj\\i) for 
1 < j < + 1 ■ Then 

. degy^ (^) < ( n '^j) d^g(^) forl<i<r+l, 

r+1 r+1 , 

. m{E) < ( n d,) [HV) + deg{V) ^ ^) . 

j=i e=i ^ 

Proof The bounds for the partial degrees of E follow from Theorem 13.91 Thus, we 
only have to prove the upper bound for the Mahler measure. Let V{E) C A^+^ and 
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G C V X A"^^ denote the closure of the image of ip and of the graph of ip, respectively. 
We consider mixed heights of G and V{E) with respect to the inclusions 

Propositions 12.531 and 12.641 imply that 

(3.25) m(S) = hi(y(^)) <ho,i(G). 

Let [G]^ G M[r/,0o,0]/(^/^^o^^^l,•••,^r+l) be the class of the closure of G in the 
extended Chow ring of X (pi)'^+^ We will bound it by applying Corollary [MD 
recursively to V x A''''"^ and gj := yjPj — qj for j = 1, . . . , r + 1. Propositions I2.66l |2]l 
and imp imply that [V x A'^+X = h{V)r]ej^~''~^ + deg(y)0^~^ Besides, \\pjyj - 
Qj 1 1 sup < llPjlli + Ikilli and so [pjUj - qj]sup < hj-q + dj9o + 6j. Hence, 



r+1 r+1 



The mixed height ho,i(G) is the coefficient of the monomial r^^Q in [G]^. The above 
inequality then implies 

r+1 r+1 

ho,i (G) < ( n dj)HV) + degiV) ( J] dj) h,. 
j=i 1=1 j^i 

The statement follows from this inequality and ()3.25p . □ 
For V = Aq, the above result gives the bounds 

n+l 

j^i 1=1 j+i 



for the degree and the Mahler measure of Im('i/'). Using Lemma [2.32l |2|). we can bound 
the height of this polynomial by 

n+l 

e=i j^e 

Example 3.26. Let di,d2,Hi,H2 > 1 such that di,d2 are coprime and set 

qi _ x'^i q2 + if^ 

Pl ~ ifi(x + l)^i ' P2 ~ H2X<^2 

The implicit equation of the closure of the image of 



\Pl P2 ) 



is defined by £^ = i?i'^2^2'^'yf 2/2' "1 ^ i/a]- We have max{deg(pj), deg(gj)} = dj 
while logdl^illi + llpilli) = log(l + /fi2^i) and log(||(72||i + IIP2II1) = log(2'^2 + ^2)- 
Hence, Theorem 13.241 gives 

m(E) < d2 log(l + Hx2'^^) + di log(2'^^ + F2). 

Indeed, m{E) = di log(-?/2) + log(-ffi) and so the obtained bound is optimal up a 
term of size 0(^1^2). 
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4. Arithmetic Nullstellensatze 

4.1. An effective approach to the NuUstellensatz. Recall the statement of the 
weak NuUstellensatz over a variety: 

Let V C be a K-variety and fi,...,fs G K[xi, . . . , Xn] without 
common zeros in V{K). Then there exist gi,...,gs G K[xi, . . . , Xn] 
such that 1 = gifi + • • • + gsfs on V . 

We recall Jelonek's approach in [Jel05j to produce bounds for the degree of the ^i's 
and explain how it can be adapted to obtain bounds for their height. Set r = dim(F). 
We assume without loss of generality that s < r + 1 , otherwise we reduce to this case 
by taking generic linear combinations of the input polynomials. Consider the regular 
map 

(4.1) ip:VxA],^VxAI, , {x, z) ^ {x, zfi{x), . . . , zfs{x)) . 

Since the /j's have no common zeros in V{K), the subsets {{x, zi, . . . , Zs) : fj{x) ^ 0} 
form an open covering oi V x A^. This implies that 

lm{ip) = {{x,zi,.. .,Zs)eVxA^j^: fi{x)zj = fj{x)zi for all i,j}. 

In particular, hxL((/j) is a subvariety of F x A^. Furthermore, let gi, . . . ,gs be poly- 
nomials such that 1 = gifi + ■ ■ ■ + gsfs- The map Im((^) V x A]^ defined as 
{x,zi, . . . , Zs) I—)- {x, gi{x)zi + • • • + gs{x)zs) is a left inverse of (p. Hence, ip induces 
an isomorphism V x A]^ — )• lm[ip). 

Assume there exists a finite linear projection vr : lm((p) — )• A^"^. Such a map exists if 
the field K is sufficiently big (for instance, if it is infinite). In this case, we can assume 
without loss of generality that vr is given by a (r + 1) x (?i + s)-matrix in reduced 
triangular form. Hence, there are linear forms £i = 7j,iXi + ••• + Ji,nXn G ^[s^]; 
1 < i < r + 1, such that this projection writes down as 

vr : Im(v9)-^A^^ , {x,zi, ...,Zs)^ {zi +£i{x), ...,Zs + £s{x),is+i{x), . . . ,£r+i(.x)). 

Thus, the composition ir o ip : V X A]^^A^^ is a finite map or equivalently, the 
inclusion of algebras (vr o ip)* : K[yi, . . . ,yr+i] K[x, z]/I{V x A]^) is an integral 
extension. This map writes down, for {x,z) £Vx A^, as 

vr o ip{x, z) = {zfi{x) + li{x),... , zfs{x) + ls{x),ls+i{x), . . .,£r+i{x)). 

Up to a non-zero scalar in the minimal polynomial of z over K[y\ is of the form 

^ = ^' + E E o^a^jV^z'"^ (^K[y,z]. 

j=l aGN'-+i 

Therefore, 

5 

(4.2) z' + Y,Yl ^o.A'^h + hr ■ ■ ■ {zfs + isT'C+i ■ ■ ■ C+V^'~' =0 onVxA' 

j=l a 

and so all the coefficients in the expansion of ()4.2p with respect to the variable z 
vanish identically on V. We derive a Bezout identity from the coefficient of z^ as 
follows: for each 1 < j < 5 and a S N''^^, the coefficient of z^ in the expansion of 
(zfi + hT' ■ ■ ■ [zfs + £sT't;^i ■ ■ ■ C+Y writes down as 

b 
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with Qh € K[x] and b & W such that |&| = j > 1. Hence each term in this sum is a 
multiple of some fj and, regrouping terms, we can write the coefficient of in the 
expansion of (j4.2|) as 1 — gifi — ■ ■ ■ — gsfs with gi £ K[x]. 

Remark 4.3. The argument above is not a proof of the Nullstellensatz since it relies 
on the a priori existence of a Bezout identity: this is used to prove that the map if 
in (j4.ip is an isomorphism onto its image. 

In our treatment of the arithmetic Nullstellensatz, we will use the previous construc- 
tion for the general linear forms 

(4.4) ii := Ui^ixi -\ \- Ui^nXn & K[ui][x] forl<i<r + l, 

where Ui = {uij}i<j<n is a group of auxiliary variables. This is a valid choice, 
since the associated linear projection vr : lm{(f)x(u) ~^ ^^K^) ^ finite map, see for 
instance |Lan93[ Ch. 7, Thm. 2.2]. 

Assume that K is the field of fractions of a factorial ring A. Let E 6 74[u][y, z] be the 
minimal polynomial of z with respect to the map vr o primitive with respect to the 
ring A[u]. We expand it as 

(4.5) E = ao,oz^ + Y, Yl 

j=l aGN'-+i 

with aaj € such that ao,o 7^ 0. For 1 < i < s, set 

j=l a b ^^k=l ^"''^ ^ ^ 

the sums being indexed by all a,b £ such that (a,j) G supp(£') and |&| = j, 

bk ^ CLk for 1 < k < i, bk = for i + l<k<r + l and bi > 1. Using ()4.2p . we can 
verify that ao,o ~ difi ~ ' ' ' ~ 9s fs is the coefficient of z^ in the expansion of 

E{zfi .,zfs +4,4+1, • • • ,ir+l,z). 

Hence, 

(4.7) ao,o = ffi/i H ^9sfs on V/^(„). 

We then extract a Bezout identity on V by considering the coefficient of any monomial 
in u in (|4.7|) appearing in the monomial expansion of ao,o- 

We need the following lemma relating minimal polynomials with the implicitization 
problem. 

Lemma 4.8. Let V C be a K-variety of pure dimension r and qi, . . . ,qr-\-i G 
i('[a3,2;] such that the map 

VxA]^ — ^^A^^ > (a;, 2:) I — > {qi{x,z),...,qr+i{x,z)) 

is finite. Let E G \ {0} be the minimal polynomial of z with respect to this 

map. Then the map 

is generically finite onto its image. Furthermore, E G is a squarefree polyno- 

mial, primitive with respect to the ring K[z], defining Im(^'). 
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Proof. We reduce without loss of generality to the case of an irreducible K-variety V. 
Consider the map 

p:VxA\ — ^A'^^xA]^ , {x,z)\ — > {qi{x, z), . . . ,qr+i{x, z), z). 

Its image is the irreducible i^-hypersurface defined by E. In algebraic terms, the 
kernel of p* : K[y,z] — )• K[x, z]/ I{V x A]^) is the principal ideal generated by E. 
Furthermore, E ^ K[z] as, otherwise, this would imply that the ^j's are constant on 
V X A^, which is not possible because of the finiteness assumption. 
We have K[x,z]/I{V x A]^) = K[z] ®k K[x\/I{V). Hence, E is also a generator of 
the kernel of ip* : K{z)[y] — t- K{z)[x]/I{Vx[z))- The image of is a hypersurface 
of A^j^^^y since E does not lie in K[z]. Hence, this map is generically finite onto 
its image. Furthermore, E is an irreducible polynomial defining this hypersurface, 
primitive with respect to the ring K[z]. □ 

Consider the polynomials qj G ^[ii][a;,2;] defined by 

zfj+lj, for 1 < j < s. 



(4.9) q, 



£j, for s + 1 < i < r + 1. 



In our setting, tt o ip : Vx(^u) ^ ^]<:{u) — ^^^k{u) finite. Hence, Lemma 14.81 implies 
that the polynomial E in ()4.5p is a squarefree polynomial, primitive with respect to 
the ring ^[it, z], defining the closure of the image of the generically finite map 

(4.10) i^-VK{u,z) >^''k{u,z) ' ^' > ini^)^---^Qr+l{x)). 

Thus, we can produce bounds for its size by using a suitable version of Perron's 
theorem. In turn, this will allow us to bound the size of the polynomials in the 
associated Bezout identity. We will see the details in the next sections. 

4.2. Parametric NuUstellensatze. We now apply the previous construction to- 
gether with the parametric Perron's theorem to produce different NuUstellensatze 
for polynomials with coefficients depending on groups of parameters. Let /c be a field. 
Consider groups of variables x = {xi, . . . ,Xn} and t/ = . . . 1 < / < m. 

Set t = {ti, . . . , tm} and, for each 1 < I < m, write ki = k{ti, . . . , t;_i, t^+i, . . . , tm). 
Recall that ki{ti) = k{t) and that for a projective /c(t)-variety V, we denote by ht;(y) 
its height with respect to the base ring ki[ti]. 

Theorem 4.11. Let V C ^2(t) ^ k{t) -variety of pure dimension r and /i, . . . , G 

k[t, x] \ k[t] a family of s < r + 1 polynomials without common zeros in V{k{t)). Set 
dj = degx{ fj) and hij = degf^{fj) for 1 < j < s and 1 < I < m. Then there exist 
a £ k[t] \ {0} and gi, . . . ,gs G k[t, x] such that 

(4.12) a = gifi + --- + gsfs on V 

with 



s ^ u 

deg,,(a),deg,,(5i/;,)< (n^i)(K(^)+deg(y)^^) forl<l< 

j=i i=i ^ 



m. 
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Proof. We apply the construction explained in ^4.1l to the ring A := k[t], the variety V 
and the polynomials fj. We will freely use the notations introduced in that section. 
As a result of that construction, we obtain a G A \ {0} and gi G A[x] satisfying the 
Bezout identity (j4.12p . These scalar and polynomials are obtained as the coefficients 
of a monomial in the variables u in the Bezout identity on Vk{u) (|4.7p . Hence, 

(4.13) dega, (gifi) < deg^ {gifi) , degi^(a) < degt^(ao,o) , degt^{gifi) < degt^(gifi). 

Let E G A[u][y, z] be the polynomial in ()i3]l and set d = (di, . . . , 4, 1, • • • , 1) G N''+^. 
Prom the definition of gi in ()4.6p and using that, by hypothesis, di > 1 for all i, 

(4.14) deg < max,- deg, l^o^a, (^fi(^^^^^ 

r+l i 

< maxa^bj ^(ae - be) + ^dffefj < maxa(d, a), 

e=l £=1 

with 1 < j < deg2(i?), a G N*""^^ in the support of E with respect to the variables y 
and b G N^'^"^ satisfying |b| = j, < fle for 1 < e < i, 6e = for z + l<e<r + l and 
bi>l. For 1 < / < m we set ft./ = (/i/^i, . . . , /i/,^, 0, . . . , 0) G N''+^ Using LemmaEU 
we obtain similarly 

(4.15) deg,^m) < max,,„,5| deg,^ ( H t ' ' ' ft^ f "f) } 

i 

< maxj-a^bj degj^ (aaj) + ^ /li/^^j 

e=i 

< maxa{ degi^(Qa) + (/ii,a)}. 

By Lemma 14.81 £" is a primitive and squarefree polynomial in k[t, u, z][y] defining the 
closure of the image of the map ip in (|4.10p . Hence, we can apply Corollarv 13.141 to 
bound the partial degrees of this polynomial. We have degx{qj) = dj, degf^{qj) = 
hij for 1 < j < s while degj.{qj) = 1, deg^^(gj) = for s + 1 < j < r + 1. By 
Proposition |2J3Jl2D, deg{Vm,u,z)) = deg{V) and hti{Vk^t,u,z)) = lit,(^)- Therefore, 
for all a G supp(£'). 




The statement follows from this inequality together with ()4.13p , ()4.14p and (|4.15p . □ 



Theorem 10.51 in the introduction corresponds to the case of polynomials depending on 
one group of parameters. It follows readily from the above result and the fact that a 
variety defined over k{t) can be identified with a A:(f)-variety, see Remark 1 1.1 1 

Example 4.16. Consider the following variant of a classical example due to Masser 
and Philippon: let t be a variable, di, . . . , d„ > 1, h >0 and set 

fl — ) f2 = X\ — X^ ,■■■■> fn—l = Xn—2 ^ ~ ' 

fn — X-n—l X^ t (z k\t, Xi , . . . , Xn\ ■ 

It is a system of n polynomials without common zeros in k{t) . We have deg^{fj) = dj 
for all j while deg^(/j) = for 1 < j < n — 1 and degj(/„) = h. Theorem 14.111 implies 
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that there exists a Bezout identity a = gi fi + ■ ■ ■ + gn fn with 

(4.17) deg^ (gifi) < di • • • (i„ , deg(a), degj(fi(j/i) < di • • • 

To obtain a lower bound, consider a further variable u and specialize any such Bezout 
identity at Xi = ji with 

We obtain that a = 51(71, . . . ,7n-i, l/u)t'^^"''^"~^^u'^^"''^"~'^K From this, we deduce 
the lower bounds 

degxigifi) > di- ■ ■ dn , deg(a) > di • • • d„„i/i. 
Hence, both bounds in (|4.17p are optimal in this case. 

Example 4.18. Let V C be a /e- variety of pure dimension r. For 1 < j < r + 1, 
let dj > 1 and consider the general n-variate polynomial of degree dj 

= X] Uj^aX"' ^ k[Uj][xi, . . . ,Xn], 

\a\ <dj 

where Uj = {uj,a}\a\<dj- Set u = {ui, . . . ,it,.+i}. It is not difficult to verify that the 
Fj^s have no common zeros in V^^^j (fc('u)). Hence, we can apply Theorem 14.111 to the 
Fj^s as a system of polynomials with coefficients depending on the groups of param- 
eters Ui, . . . ,tir+i- We have that deg{V^,^^^) = deg(y) and, by Proposition I2.13l|2|) . 
h„;(Vj.^^j) = 0. Besides, deg^{Fj) = dj and deg„j(Fj) is equal to 1 if / = j and to 
otherwise. We deduce that there exist a G k[u\ \ {0} and gi G A;[w][xi, . . . ,Xn] such 
that a = glFl^ h gr+iFr+i on V^^^^j with 

r+l 

(4.19) deg^igiFi) < (H^j) deg(^) , deg^, (a), deg^, (5,^,) < [Hdj') deg{V). 

Using Lemma 11.341 and Corollary ll.33|, we can verify that the elimination ideal 
{I{V) k[u][xi,...,x^] + {Fi,..., Fr+i)) n k[u] 

is generated by the resultant Resd^^,,,^dr+i(y) of the closure of V in P^. This is a 
multihomogeneous polynomial of partial degrees 

deg,,(Res,„...,rf^^,(F)) = (n^.) deg{V). 

Hence, a is a multiple of this resultant and, comparing degrees, we see that a and 
^^Sdi,...,dr+ii^) coincide up to a factor in . This implies that the bound for the ui- 
degrees in (|4.19|) is optimal. Observe that the bound for the a;-degree is not optimal, 
at least when V = A^. In this case, it can be shown that there exist g^'s satisfying 
the same bound for the it^-degree and such that degx{gifi) < ( ^2^=1 '^3) ~ 

The following result is a partial extension of Theorem 14. Ill to an arbitrary number of 
polynomials. For simplicity, we only state it for polynomials depending on one group 
of parameters t = {ti, . . . ,tp}. In this setting, we loose track of the contribution of 
the t-degrees of most of the individual input polynomials. However, it is possible to 
differentiate the contribution of one of them, which will be important in the proof of 
the strong parametric Nullstellensatz. 
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Corollary 4.20. Let V C ''^"^^j be a k{t)-variety of pure dimension r and /i, . . . , £ 

k\t,x\ \ k\t] without common zeros in V{k{t)) such that V{fs) intersects V properly. 
Set dj = dega,(/j) for 1 < j < s. Assume that di > ■ ■ ■ > ds~i and that dg is arbitrary. 
Set also h = maxi<j<s_i degf{fj) and kg = degj(/s). Then there exist a G k[t] \ {0} 
and gi, . . . ,gs € k[t, x] such that a = gifi + • • • + gsfs on V with 

min{s— l,r} 

. deg, {g^fi) < {ds n 

min{s— l,r} min{s— l,r} 

. deg(a),deg,(g,/,)< ('^^ H d,) (h(y) + deg(y) + J 

j=l £=1 ^ 

Proof. If s < r + 1, the result follows from the case m = 1 in Theorem 14.111 In the 
case s > r + 2, we can reduce to r + 1 polynomials by taking linear combinations as 
follows: let v = {vj^i}i<j<r,i<i<s-r-i be a group of variables and set K = k{v). Write 

Ij = fj + Vj,ifr+i H h Vj^s-r~ifs^i for I < j < r, f^^i = fs. 

The hypothesis that V{fs) and V intersect properly implies that the polynomials above 
do not have common zeros in Vx(t){Ki't))- We have that degrj.{fj) = dj and degj(/j) = 
h iov 1 < j < r while deg3.(/^_,_^) = ds and degf{fj._^i) = hg. By Theorem 14.111 there 
exist a £ k[v, t] \ {0} and 'g^ E k[v, t][x] such that a = gifi + • • • + ^r+i/r+i ^K{t) 
with 

r 

degj5j.)< (4n^i)deg(^), 

i=i 

deg,(a),deg,(5j.) < fl ^i) (h(y) + deg(V) + ^ A)) . 

j=i * i=i ^ 

Unfolding the linear combinations in the above identity and taking a non-zero coeffi- 
cient with respect to the variables v, we extract a Bezout identity a = gifi + - ■ ■ + gsfs 
on V satisfying the same degree bounds. □ 

Remark 4.21. The previous results by Smietanski are for polynomials depending 
on at most two parameters without common zeros in the affine space. For instance, 
let fi, . . . , fs be polynomials in k[ti,t2] [xi, . . . , x„] \ k[ti,t2] without common zeros 
in A'^{k{ti,t2)). Set dj = deg(/j), h = maxj deg^^ (/j)) suppose that d2 > 
■ ■ ■ > ds > di. Set also = min{n + l,s}. In |Smi93j . it is shown that there exist 
a G k[ti,t2] \ {0} and gi G k[ti,t2][xi, . . . such that a = gifi + • • • + gsfs with 

V 

• dega, {gifi) < 3 JJdj, 

. deg,^,,, (a), d^gt.^tMh) < U^dj +h) + S"-' ( H dj) ( E t) ^• 

j=i j=i i=\ ^ 

We deduce from Corollarv l4.20l the following parametric version of the strong effective 
Nullstellensatz. 

Theorem 4.22. Let V C ^ k[t)-variety of pure dimension r and g^ fi, . . . , fs € 

k[t,x] such that g vanishes on the set of common zeros of fi, . . . , fs in V{k{t)) 
and deg^(/i) > ••• > deg^{fs) > 1. Set dj = deg^(/j) for 1 < j < s, h = 
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maxi<j<s deg^(/j), do = max{l, deg3,(g)} and = degf{g). Then there exist G N, 
a G k[t] \ {0} and gi, . . . ,gs G A;[f,a;] such that 

ag'' = gih^ ^gsfs onV 

with 

min{s,r+l} 

min{s,r+l} 

. degMi) < 4( n '^i) 

j=Q 

min{s,r+l} min{s,r+l} 

. deg(a),deg,(5./.)<2( J] d.) (h(^) + deg(y) (-^ + - 

Proof. Set = y X A^^^^ , let y be an additional variable and consider 
(4.23) •••,/. 



These polynomials have no common zeros on W{k{t)) and ^(1 - y'^og) intersects W 
properly. We have that dim(14^) = r + 1, deg(VF) = deg(y) and h{W) = h.{V), 
thanks to Lemma [3.21 Besides, deg^ y{fj) = dj and deg^{fj) < /i for 1 < j < s, 
while degg. ,^(1 — y'^°g) = 2do and deg^(l — y'^°g) = /lo- By Corollarv 14.201 there exists 
a G k[t] \ {0} and 'g^ £ k[t][x,y] such that 

(4.24) a = go{l-y'''g) + gJi + --- + gsfs onW 

with 

min{s,r+l} 

deg,,j;(ft/.)<2( n ^^^degC^), 

j=0 

min{s,r+l} min{s,r+l} 

deg(a),deg,(5./.)<2( J] d,) (hV) + deg{V){^^ + j)) ■ 



j=0 



The input system (|4.23|) lies in the subring k[t, x, y'^"] of k[t, x, y] and we can suppose 
without loss of generality that the Bezout identity (|4.24|) lies in this subring. Let 
gi G k[t,x,y] such that 5j(t, £C, y) =gi{t,x,y'^°). Then 

(4.25) a = m{i-yg)+gifi + --- + 9sfs- 

Specializing y at 1/ g{t, x) in the above identity and multiplying by a suitable denomi- 
nator, we obtain an identity of the form agf^ = gifi + - • •+gsfs with fi = max; degj^(^;) 
and gi = g""^"^''<^y^3i) g.^x,l/g). Therefore, 

de (~ ) min{s,r+l} 

(4.26) /i = max; deg^(?/) < maxz{^^^^} < 2( [] d,) deg(l^). 
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h 



Besides, deg^ y{gifi) < deg^^y{gji) and degt(5i/i) < degt(5i/i)- Therefore 

min{s,r+l} 

deg^igifi) < deg^ijjifi) + deg^{g)maxi degyQi) < ^j) ^eglV^) 

3=0 

degtigifi) < degtigifi) + degt{g)maxi degy{gi) 

min{s,r+l} , min{s,r+l} 

<2( n E : 

j=o ^ e=i 

as stated. □ 

Remark 4.27. In the previous argument, the use of a differentiated version of the 
effective weak Nullstellensatz was crucial. Otherwise, the obtained bounds for the 
Noether exponent fj, would have depended on the degree of g, as for instance in |Bro87j . 
and the bounds for the height of the gi^s would have been considerably worse. 

4.3. Nullstellensatze over Z. In this section we present different arithmetic Null- 
stellensatze over Z for polynomials depending on groups of parameters. As before, let 
tl = {tl,ii ■ ■ ■ ytl,pi} be a group of variables for 1 < I < m and set t = {ti, . . . ,tm}- 
Write also x = {xi, . . . , 

Theorem 4.28. Let V C Aq be a Q-variety of pure dimension r and € 
Z[t,a;] \ Z[t] a family of s < r + 1 polynomials without common zeros in VQ(f)(Q(t)). 
Set dj = deg^{fj), 6ij = degf^{fj) and hj = h(/j) for I < j < s and I < I <m. Then 
there exist a E \ {0} and gi, . . . ,gs G Z[f, x] such that 

(4.29) a = gifi H h gsfs on VQ(^t) 

with s 

. deg,(9i/0 < (n^i)deg(F), 

s ^ X 

. deg,, (a), deg,^ (gifi) < ( J] dj) deg{V) ^ for 1 < I < m, 

j=i e=i ^ 

• Ha)M9i) + Hfi) < ( n dj) (hV) + deg{V) ({Sr + 7) log(n + 3) 



+ E (^^ + (#supp(/^)) + 2 log(Pi + 1)) ) ) • 

1=1 ^ 1=1 ^ ^ 



Proof. We apply again the construction explained in ^4.1l to the ring A : — . . . , tm]) 
the variety V and the polynomials fj. As a result, we obtain a £ and polyno- 
mials gi satisfying the Bezout identity ()4.29p . The bounds for their a;-degree and 
t^-degree follow from Theorem 14.111 since deg(VQ(t)) = deg{V) and ht, (VQ(t)) = by 
Proposition 12. 13l |^. So, we only have to bound the height of these polynomials. 

We will use the notations introduced in ^4.11 Let Ui denote the group of coefficients of 
the general linear forms ii = Ui^iXi + • • • + ui^n^n in (|4.4p and set u = {iii, . . . , u^+i}. 
Consider the minimal polynomial E G Z[t, u\[y, z] of z with respect to the map vro y?, 
primitive with respect to Z[t, u]. We expand it in two different ways as follows: 

5 

j=l aeW+^ aeN'-+i 



HEIGHTS OF VARIETIES AND ARITHMETIC NULLSTELLENSATZE 69 

with aa,j £ Z[t,ii] such that ao,o 7^ and aa = Ylk=o'^a,kZ^~^ £ Z[t,ti,z]. Set 
supp(£') = {a : 7^ 0} and recall that, for 1 < i < s, 

j=la€supp{E) b ^^fc=l^''^ ^ ^ 

the last sum being indexed by all b G such that |6| = j, bk < flfc for 1 < /c < i, 

6fc = for i+l</c<r + l and 6j > 1. The constant a and polynomials gi are 
obtained as the coefficient of some monomial in u in ao,o ^-nd ^j, respectively. Hence, 

(4.30) h(a)<h(ao,o) , \i{g^) +\i{h) <H9i) + Hfi)- 
We have 

En(::)s E En(::)= e 2h<#.upp(e)2*.v™. 

j,a,bk=l ^ ^ agsupp(i?) 6<a A;=l ^ ^ aesupp(_E) 

Hence, by Lemma r2.37lf T]l. 

(4.31) Hg.)+Hn)<n,^^^j!^hl^a^,(^flel'^-'^^ 

+ h(/i)+log(#supp(i^)2^^s.(^)). 

Set d = (di, . . . ,4, 1, . . . , 1), di = (5i^,...,5i^s,0,...,0) for 1 < / < m and ft. = 
{hi,. . . ,hs,0,. . . ,0). Using Lemma Ei^Ill) , 

(4.32) h(^aa,(^fic~''=y'i^--^ 

m 

+ {h- Bi, a) + {d, a) log(n + 1) + ^{Si, a) log(p/ + 1), 

1=1 

since log 1141 li = fog(n), fog ||/il|i < Hfj) + ^^j fog(?^ + 1) + EZi kj log(Pi + 1) and 
b<a. 

By Lemma 14.81 ^ ^ ^[^j "^^i is a primitive and squarefree polynomial defining 
the closure of the image of the map ip in (I4.10p . Hence, we can apply Theorem 13.151 
to bound its partial degrees and height. We have degx{qj) = dj, degi^{qj) = 6ij and 
Hij) = hj for 1 < j < s while deg^{qj) = 1, degt^{qj) = h.{qj) = for s + 1 <j< r+1. 
The partial degree of qj in the group of (r + l)n + 1 variables uU{z} is equal to 1. Set 
D = 11^=1 ^j- Then, a direct application of Theorem 13.151 gives, for all a G supp(£'), 

(4.33) (d,a) < Z)deg(y) , deg^, (Q„) + (5i, a) < deg(y) V for 1 < Z < m 

' ^-^ dp 

and 

h(a„) + (ft, a)<D (h(y) + deg(y) ( log(r + 2) + ^ - (/i, + log (#supp(/,) + n + 2) 

1=1 ^ 

m 

+ 6i^i log{pi + 1)) + (r + 1 - s) log(n + 2) + (r + 1) log((r + l)n + 2) 
1=1 



70 CARLOS D'ANDREA, TERESA KRICK, AND MARTIN SOMBRA 

Using the inequalities log (#supp(/£) + n + 2) < log (#supp(/^)) + log(n + 3) and 
log((r + l)n + 2) < 21og(n + 1) together with 

log(r + 2) + s log(n + 3) + (r + 1 - s) log(n + 2) + 2(r + 1) log(n + 1) < (3r + 4) log(?i + 3) , 
we deduce 

(4.34) h(Q„) + {h,a)<D {^{V) + deg(y) ((3r + 4) \og{n + 3) 

£=1 ^ 1=1 
Moreover, we get from (j4.33p that 

log (#supp(£;) 2'^°Sj,(£;)) + \a\ log(n) + {d, a) log(n + 1) < 3D deg{V) log(n + 2). 

The statement follows from (OO]) . dOT]) . (gSl]), and this inequality. □ 

Theorem 10.11 in the introduction follows from the case m = in the previous result, 
noticing that for a polynomial / € Z[a;] of degree d it holds #(supp(/)) < (n + l)*^. 

Example 4.35. Let di, . . . ,dn,H > 1 and set 

■ ■ ■ ) fn—l — ^ri ''^n— 1 ' — ^n—l ^ ^ 'Ei\x\ , . . . , X^] . 

It is a system of polynomials without common zeros in Q". Theorem 14.281 implies that 
there is a Bezout identity a = 51 /i + • • • + 5™ /n with deg{gifi) < di - ■ ■ dn and 

(4.36) log{a)M9i) + Hfi) < di ■ ■ ■ log{H) + {4n + 7) log(n + 2)di ■ ■ ■ dn- 

On the other hand, let u be an additional variable and consider the specialization of 
any such identity at Xi = 7^ with 

71 = H^^-''-^ u^^-^"-^, . . . ,7„_i = Hu''-~\^n = l/u. 
We obtain a = (71(71, . . . ,7n-i, ^/u) H'^^'"'^"-^ ^d^ - dn-d^^ From this, we deduce the 
lower bounds 

dega;„(5'i/i) > c?i---c?n , log(a) > di---(i„_ilog(i7). 

Hence, the height bound in (j4.36p is optimal up to a term of size 0(n log(?i) di - ■ ■ dn). 

We next analyze Example 14.181 from the point of view of heights. 

Example 4.37. Let V C Aq be a Q-variety of pure dimension r. For 1 < j < r + 1 
and dj > 1, consider again the general n-variate polynomial of degree dj 

= E Uj^aX"' £Z[Uj][xi,...,Xn]. 

\a\<dj 

It follows from Example 14.181 that there exist A € Z \ {0} and gi G [xi, . . . , Xn] 
such that 

AResd,,,,,,d^^,(y) = 51 Fl H h^r+i-^r+i on V 

satisfying the degree bounds in (|4.19p . For the height, we have that degx{Fj) = dj, 
h(Fj) = and log(7^supp(Fj)) < dj log(n + 1). Furthermore, 5ij = deg^^{Fj) equals 1 
if / = J and otherwise. Theorem 14.281 then implies 

r+l 

h(Resrf„...,rf,^, {V))M9i) <{Ylde) (h{V) + (6r + 10) log(n + 3) deg(y)) . 

£=1 
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The following result is a partial extension of Theorem 14.281 to an arbitrary number of 
polynomials. For simplicity, we state it for polynomials not depending on parameters. 

Corollary 4.38. Let V C Aq be a <Q-variety of pure dimension r and G 

Z[a;] \ Z without common zeros in y(Q) such that V{fs) intersects V properly. Set 
dj = deg(/j) for 1 < j < s. Assume that di > • • • > ds-i and that dg is arbitrary. 
Set also h = maxi<j<s_ih(/j) and hg = h(/<j). Then there exist a ^ 'L \ {0} and 
gi, . . . ,gs G 7,[x] such that a = gifi + • • • + gsfs on V with 

min{s— l,r} 

• deg(5j^) < (4 n dj^'^egiV), 

min{s— l,r} , min{s— l,r} 

.h{a)M9i) + Hn)<{ds n d,)(h{V) + deg{V)(^+ - 

j=i ^ * e=i ^ 

+ (6r + 9) log(n + 3) + 3r log(max{l, s — r}) 

Proof. The proof follows closely the lines of that of Corollary 14.201 If s < r + 1, the 
result follows from the case m = in Theorem 14.111 Hence, we only have to consider 
the case s > r + 2. Set 

fj = fj + ^^i,l/r+l H h fj- s_r-l/s-l for 1 < j < r, = fs 

for a group v = {uj,i}jVt of P •= ^(■^ — r — 1) variables. It is a system of polynomials 
without common zeros in VQ(„)(Q(t))). We have that deg^(/j) = dj, deg^(/j) = 1 
and h{fj) < h for 1 < j < r while deg^(/,._,.i) = 4, deg„(/,,+i) = and h(7j = h^. 
By Theorem 14. 281 there are a G Z[d] \ {0} and G Z[v, x] such that a = gifi + • • • + 
5r+i7r+i on V^^-^ with deg^{gJi) < idsU'j=i dj) deg{V) and 

h(a),h(5j + h(7j < (^dsl[d,)(h{V)+degiV)(^-{h, + logi#snpp{f,))) 

i=i 

'1 - 

+ 7 + log(#supp(/£)) + 2 log(p + 1)) + (3r + 7) log(n + 3) 

We have that log(p + 1) < log(n + 2) + log(s - r) and #supp{f^) < {s — r){n + 
for 1 < £ < r while #supp(/r_,_x) < (n + l)*^". Therefore, 

(4.39) h(a),h(ft) + h(7j< (4 J]d,)(h(y) + deg(F)(^ + ^- + 3rlog(5-r) 

j=i * e=i ^ 



+ (6r + 8) log(n + 3) 

Set 5* = 9i for 1 < i < 5? = I]fc=i '"k,i-r9k forr+l<i<s-l and gs = g^+i, then 
(4.40) 51/1 H Vgsfs = gJi H h g^+i7r+i = « 

with h(5(j)+h(/j) < maxfc{h(^^) + h(/^)}+log(r) for all i. By taking the coefficients of 
a suitable monomial inv, we extract from (j4.40p a Bezout identity a = gifi + - ■ ■+gsfs 
on V. By (j4.39p . these polynomials satisfy the stated degree and height bounds. □ 

We finally prove the arithmetic strong Nullstellensatz presented in the introduction. 
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Proof of Theorem \UJA We use the same notations of the proof of Theorem 14 . 2 2 1 for k = 
Q and p = 0. The proof of this corollary already gives the stated bounds for the degree 
of the giS and the exponent jjb. Hence, it only remains to bound the height in the 
identity ag^' = 51/1 H VgsfsOnV. 

Corollary 1138] applied to = F x and 1 - /og, fi, . . . , fs and Lemma 13.161 imply 



(4.41) h{a)M9^) + Hh) <'^doD (h{V) + deg{V) 



min{s,r+l} 

+ E 



h 



+ (6r + 15) log(n + 4) + 3(r + 1) log(max{l, s - r}) 



min{s,r+l} 



dj. From this, we deduce the bound for the height of a. Let gi 

a max,{dog 



with D :=l\ 

be as in (|4.25p . If we write gi = Yl,a,j ^a,jX°-y^ , then gi = Oajx^-g 
Using Lemma 12.371 we deduce that 

h{g,) < maxa,,{h(aa,,a;-r7--'i'i°s«(s')>-j)} +log(#supp(5i)) 

< Hdi) + max/{degj^(gi)}(/io + log(n + l)do) + log(#supp(5j)). 

Observe that h(^j) < h(^j) and #supp(^j) < (n + 2)'^^^^'y^^'-\ Moreover, degy(^j) < 
2Ddeg{V) and dega, j^(^j) < 2do^deg(y), as shown in the proof of Theorem 14.221 
Therefore, h.{gi) + h(/j) is bounded above by 

H9^) + Hfi) + 21? deg(y)(/io + log(n + 1)4) + 2doD deg(F) log(n + 2)). 
The stated bound for h{gi) + h(/j) follows from this and ()4.4ip . 



□ 



References 



[Asc04] 
[BY91] 
[BY99] 
[BSIO] 



M. Aschenbrenner, Ideal membership in polynomial rings over the integers, J. Amer. Math. 
Soc. 17 (2004) 407-441. 

;J, Acta Math. 166 



[Xl,. 



C. A. Berenstem, A. Yger, Effective Bezout identities in < 
(1991) 69-120. 

C. A. Berenstein, A. Yger, Residue calculus and effective Nullstellensatz, Amer. J. Math. 
121 (1999) 723-796. 

Yu. F. Bilu, M. Strambi, Quantitative Riemann existence theorem over a number field, 
Acta Arith. 145 (2010) 319-339. 
[BBK09] E. Bombieri, J. Bourgain, S. V. Konyagin, Roots of polynomials in subgroups of¥* and 

applications to congruences. Int. Math. Res. Not. 5 (2009) 802-834. 
[BroOl] W. D. Brownawell, The Hilbert Nullstellensatz, inequalities for polynomials, and algebraic 
independence, Chapter 16 of Introduction to algebraic independence theory. Lecture Notes 
in Math. 1752 (2001) 239-248. 
[Bro87] W. D. Brownawell, Bounds for the degrees in the Nullstellensatz, Ann. of Math. 126 (1987) 
577-591. 

[BPSll] J. I. Burgos Gil, P. Philippon, M. Sombra, Arithmetic geometry of toric varieties. Metrics, 

measures and heights, 141 pp.. 
[CW37] W.-L. Chow, B. L. van der Waerden, Zur algebraische Geometric. IX, Math. Ann. 113 

(1937) 692-704. 

[DKSIO] X. Dahan, A. Kadri, E. Schost, Bit-size estimates for triangular sets in positive dimension, 

to appear in J. Complexity, 37 pp.. 
[DP99] S. David, P. Philippon, Minorations des hauteurs normalisees des sous-varietes des tores, 

Ann. Scuola Norm. Sup. Pisa CI. Sci. 28 (1999) 489-543. 
[Ful84] W. Fulton, Intersection theory, Springer-Verlag, 1984. 

[GKZ94] I. M. Gelfand, M. M. Kapranov, A. V. Zelevinsky, Discriminants, resultants, and multidi- 
mensional determinants, Birkhauser, 1994. 
[Har77] R. Hartshorne, Algebraic geometry, Springer, 1977. 

[Jel05] Z. Jelonek, On the effective Nullstellensatz, Invent. Math. 162 (2005) 1-17. 



HEIGHTS OF VARIETIES AND ARITHMETIC NULLSTELLENSATZE 



73 



[Jou83] J.-P. Jouanolou, Theoremes de Bertini et applications, Progress in Math. 42, 
Birkhauser, 1983. 

[Koi96] P. Koiran, Hubert's Nullstellensatz is in the polynomial hierarchy, J. Complexity 12 (1996) 
273-286. 

[KT08] A. Kresch, Yu. Tschinkel, Effectivity of Brauer-Mamn obstructions, Adv. Math. 218 (2008) 
1-27. 

[KP96] T. Krick, L. M. Pardo, A computational method for Diophantine approximation. Progress 

in Math. 143 (1996) 193-253. 
[KPSOl] T. Krick, L. M. Pardo, M. Sombra, Sharp estimates for the arithmetic Nullstellensatz, 

Duke Math. J. 109 (2001) 521-598. 
[Lan83] S. Lang, Fundamentals of Diophantine geometry, Springer- Verlag, 1983. 
[Lan93] S. Lang, Algebra, Third Edition, Addison- Wesley, 1993. 

[Macl902] F. Macaulay, Some formulae in elimination, Proc. London Math. Soc. 1 (1902) 3-27. 
[Lel94] P. Lelong, Mesure de Mahler et calcul des constantes universelles pour les polynomes de 

n variables. Math. Ann. 299 (1994) 673-695. 
[MaiOO] V. Maillot, Geometrie d'Arakelov des varietes toriques et Bbres en droites integrables, 

Mem. Soc. Math. France 80, 2000. 
[PS93] P. Pedersen, B. Sturmfels, Product formulas for resultants and Chow forms. Math. Z. 214 

(1993) 377-396. 

[Per27] O. Perron, Algebra I (Die Grundlagen), de Gruyter, 1927. 

[Phi86] P. Philippon, Criteres pour I'independance algebrique, Inst. Hautes Etudes Sci. Publ. 
Math. 64 (1986) 5-52. 

[Phi90] P. Philippon, Denominateurs dans le theoreme des zeros de Hilbert, Acta Arith. 58 (1990) 
1-25. 

[Phi91] P. Philippon, Sur des hauteurs alternatives. I, Math. Ann. 289 (1991) 355-283. 

[Phi95] P. Philippon, Sur des hauteurs alternatives. Ill, J. Math. Pures Appl. 74 (1995) 345-365. 

[PS08] P. Philippon, M. Sombra, Hauteur normalisee des varietes toriques projectives, J. Inst. 
Math. Jussieu 7 (2008) 327-373. 

[RemOla] G. Remond, Elimination multihomogene, Chapter 5 of Introduction to algebraic indepen- 
dence theory. Lecture Notes in Math. 1752 (2001) 53-81. 

[RemOlb] G. Remond, Geometrie diophantienne multiprojective, Chapter 7 of Introduction to alge- 
braic independence theory, Lecture Notes in Math. 1752 (2001) 95-131. 

[RemlO] G. Remond, Nombre de points rationnels des courbes, Proc. London Math. Soc 101 (2010) 
759-794. 

[Smi93] F. Smietanski, A parametrized Nullstellensatz, in Computational algebraic geometry 

(Nice, 1992), Progr. Math. 109 (1993) 287-300. 
[Smy81] C. Smyth, A Kronecker-type theorem for complex polynomials m several variables, Canad. 

Math. Bull. 24 (1981) 447-452. 
[Som04] M. Sombra, The height of the mixed sparse resultant, Amer. J. Math. 126 (2004) 1253- 

1260. 

[Tei90] B. Teissier, Resultats recents d'algebre commutative effective, Asterisque 189-190 (1990), 
107-131, Seminaire Bourbaki, Vol. 1989/90, exp. no. 718. 

Departament d'Algebra I Geometria, Universitat de Barcelona. Gran Via 585, 08007 

Barcelona, Spain 

E-mail address: cdandreaOub . edu 

URL: http : //atlas .mat .ub.es/p ersonals/dandrea7] 

Departamento de Matematica, Facultad de Ciencias Exactas y Naturales, Universidad 
DE Buenos Aires and IMAS, CONICET. Ciudad Universitaria, 1428 Buenos Aires, Ar- 
gentina 

E-mail address: krick@dm.uba.ar 
URL: |http : //mate . dm.uba. ar/~krick/| 

ICREA and Departament d'Algebra i Geometria, Universitat de Barcelona. Gran Via 585, 
08007 Barcelona, Spain 
E-mail address: sombraQub.edu 

URL: |http : //atlas .mat .ub. es/personals/sombra/| 



